
www.manaraa.com

INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 
the text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in typewriter face, while others may be from any type of 
computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality illustrations 
and photographs, print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand comer and continuing 
from left to right in equal sections with small overlaps.

ProQuest Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.comR e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



www.manaraa.com

Games in Open System s Verification and Synthesis

by

Yiu-Chung Mang

M. Eng. (Oxford University. England) 1995

A dissertation subm itted  in partial satisfaction of the 
requirem ents for the degree of 

Doctor of Philosophy

in

Com puter Science 

in the

GRADUATE DIVISION 
of the

UNIVERSITY O F CALIFORNIA. BERKELEY

Com m ittee in charge: 
Professor Thom as A. Henzinger. C hair 

Professor Robert K. Brayton 
Professor John Steel

Spring 2002

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

UMI Number: 3063469

___ ®

UMI
UMI Microform 3063469 

Copyright 2002 by ProQuest Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

Games in Open System s Verification and Synthesis

Copyright 2002 

by

Yiu-Chung Mang

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

L

A b stra ct

Games in Open Systems Verification and Synthesis

by

Yiu-Chung Mang 

Doctor of Philosophy in C om puter Science 

University of California. Berkeley 

Professor Thom as A. Henzinger. Chair

T h is  d is se r ta tio n  investigates g am e-theo retic  ap p ro ach es to  th e  a lg o rith m ic  ana lysis of con­

cu rren t. reac tive  sy stem s. A co ncurren t system  com prises a  n u m b er o f  co m p o n en ts  w orking 

co n cu rren tly : a  reac tiv e  system  m ain ta in s  an  ongoing  in te ra c tio n  w ith  its env ironm en t. T ra ­

d itio n a l ap p ro ach es to  th e  form al analysis o f  co n cu rren t reactive  sy stem s usually  view th e  

system  as an  u n s tru c tu re d  s ta te - tra n s itio n  g raphs: in stead , we view  th em  as collections 

of in te ra c tin g  co m p o n en ts , w here each one is an  o p en  sy stem  w hich accep ts  in p u ts  from  

the  o th e r  co m p o n en ts . T h e  in te rac tio n s am ong  th e  co m p o n en ts  a re  n a tu ra lly  m odeled as 

gam es.

A d o p tin g  th is  gam e-th eo re tic  view, we s tu d y  th ree  re la ted  p rob lem s p e rta in in g  to  

the  verification  an d  sy n thesis  of system s. F irstly , we p ropose  two novel gam e-th eo re tic  tech­

niques for th e  m odel-checking o f co n cu rren t reactive  sy stem s, a n d  im prove th e  perfo rm ance 

o f m odel-checking. T h e  first techn ique discovers an  e rro r  as soon  its it c a n n o t be p reven ted , 

w hich can  b e  long before it ac tu a lly  occurs. T h is  tech n iq u e  is based  on  th e  key observation  

th a t  "u n p rev en ta b ility "  is a  local p ro p e rty  to  a  m odule: an  e rro r is u n p rev en tab le  in a  m od­

ule s ta te  if no en v iro n m en t can p reven t it. T h e  second tech n iq u e  a t te m p ts  to  decom pose 

a m odel-checking  p ro o f  in to  sm alle r p ro o f o b lig a tio n s by c o n s tru c tin g  a b s tra c t  m odules 

au to m atica lly , u sing  reachab ility  an d  "u n p rev en tab ility  " in fo rm a tio n  a b o u t th e  concrete  

m odules. T h re e  increasing ly  pow erful p ro o f d eco m p o sitio n  ru les a re  p ro p o sed  an d  we show  

th a t in  p rac tice , th e  re su ltin g  a b s tra c t  m odules a re  o ften  s ign ifican tly  sm alle r th a n  th e  con­

cre te  m o d u les  a n d  can  d ra s tica lly  reduce th e  space a n d  tim e req u irem en ts  for verification. 

B o th  tech n iq u es  fall in to  th e  ca tegory  o f co m p o sitio n a l reasoning .
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Secondly, we in v estig a te  th e  co m position  a n d  co n tro l o f  sy n ch ro n o u s system s. A n 

essen tia l p ro p e rty  o f syn ch ro n o u s system s for co m p o sitio n a l reaso n in g  is non-b locking . In 

th e  com position  o f sy n ch ro n o u s system s, however, d u e  to  c ircu la r causa l dep en d en cy  of 

in p u t a n d  o u tp u t  s ignals, non-b lock ing  is no t alw ays g u a ran teed . B locking com positions o f 

system s can  be ru led  o u t sem an tica lly , by in sistin g  on th e  ex istence o f c e rta in  fixed po in ts , 

o r sy n tac tica lly , by eq u ip p in g  sy stem s w ith  ty p es, w hich m ake th e  d ependencies betw een 

in p u t a n d  o u tp u t  signals  tra n s p a re n t.  We ch a rac te rize  various ty p in g  m echan ism s in gam e- 

th eo re tic  term s, a n d  s tu d y  th e ir  effects on  th e  co n tro lle r sy n th esis  p rob lem . We show th a t  

o u r ty p in g  system s are  genera l enough  to  c a p tu re  in te re stin g  real-life syn ch ro n o u s system s 

such  as all de lay -in sensitive  d ig ita l c ircu its . We th e n  s tu d y  th e ir  co rresp o n d in g  single- 

s tep  con tro l p rob lem s — a  re s tr ic te d  form  o f co n tro lle r sy n th esis  p ro b lem  w hose so lu tions 

can  be ite ra te d  in a p p ro p r ia te  m anners to  solve all LTL co n tro lle r sy n thesis  problem s. 

We also  consider versions o f  th e  con tro ller sy n thesis  p rob lem  in w hich th e  ty p e  of th e  

co n tro lle r is given. We show  th a t  th e  so lu tio n  o f these  fixed -tvpe co n tro l p rob lem s requires 

th e  ev a lu a tio n  o f p a r tia lly  o rd e red  (H enkin) q u an tifie rs  on  boo lean  form ulas, a n d  is therefo re 

h a rd e r (n o n d e te rm in is tic  ex p o n e n tia l tim e) th a n  m ore tra d it io n a l co n tro l questions.

T h ird ly , we s tu d y  th e  syn thesis  o f  a  class o f o p en  sy stem s, nam ely, uninitialized  

sta te  machines.  T h e  seq u en tia l sy n thesis  p rob lem , w hich is closely re la ted  to  C h u rch 's  solv­

ab ility  p rob lem , asks, given a  spec ification  in th e  form  o f a  b in a ry  re la tio n  betw een in p u t 

a n d  o u tp u t  s trea m s, for th e  co n s tru c tio n  o f a  fin ite -s ta te  s trea m  tra n sd u c e r  th a t  converts 

in p u ts  to  a p p ro p ria te  o u tp u ts . For efficiency reasons, p ra c tic a l seq u en tia l h a rd w are  is o ften  

d esigned  to  o p e ra te  w ith o u t p r io r  in itia liza tio n . Such h a rd w are  designs can  be m odeled by 

u n in itia lized  s ta te  m achines, w hich  a re  req u ired  to  sa tisfy  th e ir  spec ifica tion  if s ta r te d  from  

any  s ta te . We solve th e  seq u en tia l sy n thesis  p rob lem  for u n in itia lized  system s, th a t  is. we 

c o n s tru c t u n in itia lized  f in ite -s ta te  s trea m  tran sd u c e rs . We co n sid er spec ifications given by 

LTL form ulas, d e te rm in is tic , n o n d e te rm in is tic . un iversa l, a n d  a l te rn a tin g  Biichi a u to m a ta . 

We solve th is  uninitia lized  syn thes is  problem  by red u cin g  it to  th e  w ell-u n d ers to o d  in itia l­

ized syn thesis  p rob lem . W hile  o u r  so lu tio n  is s tra ig h tfo rw a rd , it leads, for som e spec ification  

form alism s, to  u p p e r  b o u n d s  th a t  a re  ex p o n en tia lly  w orse th a n  th e  com plex ity  o f th e  cor­

re sp o n d in g  in itia lized  p rob lem s. However, we prove lower b o u n d s  to  show  th a t  o u r sim ple 

so lu tio n s are o p tim a l for a ll considered  spec ification  form alism s. T h e  lower b o u n d  proofs 

req u ire  n o n triv ia l generic  red u c tio n s.
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C hapter 1

Introduction

M v work is a  gam e, a very serious gam e.
- M .C . Escher (1898 1972)

1.1 Background

1.1.1 V erification  and sy n th esis

T h is  d isse rta tio n  investigates g am e-th eo re tic  ap p ro ach es to  th e  a lg o rith m ic  a n a ly ­

sis o f co n cu rren t reactive  system s. A co n cu rren t sy stem  com prises a  n u m b er o f  co m p o n en ts  

w orking co n cu rren tly : a  reactive sy stem  m a in ta in s  a n  ongoing  in te rac tio n  w ith  its  env iro n ­

m ent. Such system s ab o u n d  in real-life: d ig ita l c ircu its , m icroprocessors, co m m u n ica tio n  

pro toco ls, con tro l o f  nuclear reac to rs, to  n am e a  few. Logical co rrec tness in th e  design  o f 

such  sy stem s a re  o f  p a ram o u n t im p o rtan ce : in th e  case o f  d ig ita l c ircu its  a n d  m icroproces­

sors. logical erro rs  m ay resu lt in loss o f m illions o f  d o lla rs  [Coe95]: in th e  case o f nuclear 

reacto rs, loss o f  h u m an  lives. Hence, for decades, p ro d u c in g  correct reactive  sy stem s have 

b een  th e  m ain  su b jec t am ong engineers a n d  c o m p u te r sc ien tis ts . F orm al m eth o d s  have 

evolved to  be one o f th e  m ost p rom inen t too ls  in th e  design  o f co rrect system s.

C o rrec t sy stem s can  be designed  by h an d  followed by verification: th ey  can  also 

be syn thesized  a u to m a tica lly  from  th e  spec ifications. In  form al m eth o d s, b o th  th e  system s 

an d  th e  spec ifications a re  given in som e fo rm al languages such as m odal logic o r a u to m a ta  

th a t  accep t in fin ite  w ords. In system s verifica tion , th e  m ost w idely used tech n iq u e  is ex ­

tensive s im u la tio n . T h is  techn ique serves as .a good  m e th o d  to  falsify th e  design: however, 

co rrec tness can  never b e  g u aran teed . T h e  second  ap p ro ach  is based  on  d ed u c tiv e  m eth -
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ocls. inc lud ing  th eo rem  prov ing  (cf. [Gor88. P au94]). te rm -rew ritin g  (cf. [D.J89. Klo9L]) an d  

p ro o f checking (cf. [D F H T93]). T hese  techn iques generally  reg ard  th e  system s as a  set o f 

ax iom s an d  a t te m p t  to  prove th a t  th e  spec ifica tions are th eo rem s o f these  axiom s. W hile 

th ese  techn iques, in  p rincip le , can  h and le  a rb itra ry  com p lica ted  designs, th ey  o ften  requ ire  

m uch m an u a l in te rv en tio n  an d  a  g rea t dea l o f t ra in in g  in m a th em a tica l logic.

T h e  th ird  ap p ro ach  to  th e  verification  o f  reactive sy stem s is based  on a lg o rith ­

m ic m eth o d s. T h ese  include tem pora l-log ic  m odel-checking  [QS81. CES8G. VW 94]) an d  

refinem ent checking. In th is  ap p ro ach , th e  sy stem s are  m odeled  tvs s ta te - tra n s itio n  system s 

(K ripke  s tru c tu re s ) , w hile th e  specifications can  b e  specified in  m odal logic form ulas, u;- 

a u to m a ta  (a u to m a ta  th a t  accep ts  in fin ite  w ords) o r even a n o th e r  s ta te - tra n s itio n  sy stem  

(in  th e  case o f re finem ent checking). T h e  m odel-checking p rob lem  th en  asks, given a  sys­

tem  an d  a  spec ification , if th e  specification  holds in th e  system . T h e  refinem ent-checking 

p rob lem (cf. [R aj99]). asks, given a  system  P  ( im p lem en ta tio n ) an d  a  system  Q  (a b s tra c t 

spec ifica tion ), if th e  behav io rs o f P  a re  included  in th e  behav io rs of Q.  T h e  m ost accep ted  

no tio n s o f "inclusion" a re  trace-co n ta in m en t a n d  sim u la tio n  re la tion  [MilTlJ. In essence, 

b o th  tem p o ra l-lo g ic  m odel-checking an d  refinem ent checking consist in ex h au stiv e  searches 

in th e  s ta te -sp a ce  o f  th e  s ta te - tra n s itio n  sy stem s an d  can  be h ighly  au to m ated : hence they  

are  w ell-su ited  for th e  au to m a tic  verification  o f  fin ite -s ta te  system .

P o p u la r  m o d al logics for specify ing  n o n te rm in a tin g  reactive  system s include L inear 

T em p o ra l Logic (LTL) [Pnu77]. C o m p u ta tio n  T ree Logic (C T L ) [CE81. QS81] an d  m odal 

^ -ca lcu lu s  [Koz83]. LTL is a  lin ear-tim e logic for exp ressing  p ro p e rtie s  a b o u t linear, in fin ite  

co m p u ta tio n  traces  g en e ra ted  from  th e  s ta te - tra n s itio n  system s. Its sy n tax  has. in ad d itio n  

to  a to m ic  p ro p o sitio n s  an d  oo lean  o p e ra to rs , a  n u m b er o f m o d a l o p e ra to rs  includ ing  O ip (p  

ho lds in th e  successor s ta te ) . (p  holds in all su b seq u en t s ta te s )  an d  p U  ib (p  holds in th e  

su b seq u en t s ta te s  u n til ip ho lds), w here p  an d  w a re  LTL form idas. O n th e  o th e r  han d . C T L  

expresses p ro p e rtie s  a b o u t th e  infin ite  co m p u ta tio n  trees o f th e  system s. It allows expression  

o f u n iv ersa l as well as ex is ten tia l p ro p e rtie s  such  as "from  all s ta te s , th e re  ex ists a  p a th  to  

th e  reset s ta te ."  L’nlike LTL. its m o d al o p e ra to rs  a re  q uan tified  by e ith e r th e  universal V 

(all successors) o r th e  ex is ten tia l 3 (som e successors) q u an tifie r. T h e  ^ -ca lcu lu s  is a  m odal 

logic for spec ify ing  p ro p e rtie s  o f reactive  sy stem s m odeled  as K ripke s tru c tu re s . T h e  sy n tax  

o f p ro p o sitio n a l ^ -ca lcu lu s  consists o f bo o lean  o p e ra to rs  an d  m o d alitie s  includ ing  VO (for 

all successors) a n d  3 0  (ex ists som e successors), as  well as th e  g rea tes t a n d  least fixpoin t 

o p e ra to rs . B o th  LTL an d  C T L  are  fragm en ts o f /v-calculus since th e  m odal o p e ra to rs  □
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a n d  U  can  b o th  be  en co d ed  in /i-calcu lus using  fixpoints.

T h e  m ain  lim itin g  facto r in th e  a lg o rith m ic  analysis  o f fin ite -s ta te  system s is the  

s ta te -ex p lo s io n  p rob lem : th a t  is. th e  nu m b er o f s ta te s  to  be exp lo red  can  be ex p o n en tia l in 

th e  n u m b er o f co n cu rren t co m p o n en ts in th e  system . To see th is , consider a  system  P  w ith  

in co m p o n en ts , each h av ing  a t m ost n  s ta te s . T h en  th e  sy stem  P  m ay  have n m s ta te s . In 

fact, for m ost p o p u la r  sy stem  d esc rip tio n  languages, b o th  tem p o ra l logic m odel-checking 

an d  refinem ent checking a re  know n to be PS P A C E -com plete  in th e  size o f  th e  d esc rip tion  

of th e  reac tive  sy stem s [SC85. AH98]. To co m b at the  sta te -ex p lo sio n  p roblem , a  num ber of 

techn iques have been  p roposed . For exam ple , th e  symbolic tech n iq u es [McM93] represen t 

th e  s ta te s  a n d  tra n s itio n s  o f  th e  system s im plic itly  using som e su cc in c t d a ta  s tru c tu re s , such 

;is decision  d iag ram s [Bry86] or boo lean  form ulas [BCCZ99J: abstract in terpreta tion  [Dam96. 

CIS97] a b s tra c ts  aw ay th e  nonesseu tia l p a r t o f th e  system s an d  th ere fo re  reduces th e  s ta te  

space to  be exp lo red : com positional or modular verification a t te m p ts  to  prove th e  p ro p erties  

o f a  system  by reaso n in g  a b o u t b ehav io r of th e  ind iv idual co m p o n en ts . O ne n o tab le  exam ple 

of co m p o sitio n a l verification  is assu m e-g u aran tee  reasoning  [Sta85. C LM 89. AL95. AH99. 

\IcM 9 7 . HQR.00]: th e  essen tia l idea is to verify each co m ponen t assu m in g  th e  presence of 

a  co rrec t en v iro n m en t. T h is  assu m p tio n  will th en  be d ischarged  by p rov ing  th a t  it is an  

a b s tra c tio n  o f th e  rea l env iro n m en t.

C o rrec t system s can  also be syn thesized  from spec ifications. A u to m atic  co n stru c­

tion  o f co rrec t sy stem s has a t t ra c te d  m uch a tte n tio n  in several b ran ch es of engineering. 

For exam ple , in Very L arge Scale In teg ra ted  (VLSI) c ircu its  w here fin ite  s ta te  m achines 

c o n s titu te  th e  basic b u ild in g  blocks o f such c ircu its , th e  seq u en tia l sy n th esis  prob lem  asks, 

g iven a  sp ec ifica tio n  ch a rac te riz in g  th e  set o f  perm issib le  im p lem en ta tio n , for th e  co n stru c­

tio n  o f a  fin ite  s ta te  m ach ine X I  allowed by th e  specification  such  th a t  XI  satisfies som e 

o p tim a lity  c r ite r ia  [dM94]. In con tro l theory , d iscre te-even t system s (D E S) [RW89] m odel 

th e  sequencing  o f even ts o f dyn am ic  system s, such  as th e  a rriv a l o r  d e p a r tu re  o f a  cu sto m er 

in a  queue, th e  s ta r t  o r com pletion  o f a  task  in an  o p e ra tin g  sy stem , or th e  transm ission  

o r receip t o f  a  packet in a  com m unication  system . T he co n tro l p ro b lem  o f an  DES P  asks 

for sy n th esiz in g  a  co n tro lle r C  (o r supervisor)  such  th a t  th e  com posed , closed-loop system  

P ||C .  w here || d en o tes  lo c k s te p  composition,  m eets ce rta in  safe ty  c r ite r ia  such  as stab ility , 

m u tu a l exc lusion  a n d  d a ta  consistency. T h e  con tro l prob lem  for D ES is highly  re la ted  to  

th e  sy n th esis  p rob lem , a n d  th ey  sh are  m uch sim ila rity  in th e  form alism s an d  so lu tions.

Inform ally , th e  sy n th esis  p rob lem  can  be s ta te d  as follows: a  s tre a m  requ irem en t is
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a specification  o n  th e  in p u t-o u tp u t behavior o f th e  syn thesized  sy s tem , an d  th e  realizab ility  

problem  asks, given an  spec ification  ip (expressed as m odal logic form ulas o r u ;-au tom ata) 

over se ts  o f in p u t a n d  o u tp u t  signals, w he ther th e re  ex ists  a  reac tive  sy s tem  th a t assigns to  

every possib le in p u t sequence an  o u tp u t sequence so th a t  th e  re su ltin g  co m p u ta tio n  sa tis ­

fies ip. If th e  an sw er is Yes. th en  th e  syn thesis p rob lem  asks for th e  co n s tru c tio n  of such  a  

system . T h e  sy n th esis  p rob lem , closely re la ted  to  C h u rch 's  so lv ab ility  p rob lem  [Chu62]. was 

solved by Biichi a n d  L an d w eb er for s trea m  requ irem en t given as seq u en tia l ca lcu lus [BL69]. 

Since th en , several a lg o rith m ic  so lu tions have been  p roposed  for o th e r  spec ification  for­

m alism s in c lu d in g  LTL [ALYV89. P R 89a. PR89b]. C T L  [KMTVOO] a n d  /i-ca lcu lus [KVOO].

In  general, th e  syn thesis  p roblem  is h a rd e r th a n  th e  verification  problem . For 

fin ite-sta te  sy stem s, w hile LTL verification problem  is in P S P A C E . th e  LTL synthesis p rob ­

lem is 2 E X P T IM E -eo m p le te  [PR89a], O ne source of h ard n ess , like verification , is the s ta te -  

explosion p rob lem . Also, th e  synthesized  system s are  u sually  req u ired  to  m eet ce rta in  

m inim al b eh av io r such  as deadlock-freedom  (nonblocking): th a t  is. any  fin ite trace  o f the  

synthesized  sy stem  sh o u ld  alw ays be ex tensib le  to  a  longer fin ite  tra c e  th a t  belongs to  th e  

system . T h e  nonb lock ing  req u irem en t is essential in several verifica tion  m ethodology such 

as assu m e-g u aran tee  reason ing  an d  sim u la tion  g en e ra tio n  [K M P98]. In ad d itio n , syn thesis 

o f contro llers o ften  suffers from  th e  observability problem  [C D FV 88. LW 88b], in which som e 

events o f th e  sy stem  m ay no t be  observable by th e  con tro ller. W hile th e  sy n thesis  of a  two- 

com ponent sy stem  u n d e r p a r tia l observation  (incom plete  in fo rm atio n ) for LTL m ay incu r 

exponen tia l costs  over th a t  u n d e r com plete  in fo rm ation  [RG 95. V ar95. KS97]. th e  synthesis 

of a  m u lti-co m p o n en t sy stem  (such as decen tralized  su p erv is io n  [LW 88a. LW90. RW92]) 

under incom plete  in fo rm a tio n  is in general undec idab le  [Rei84. PR 90]. P rac tic a l rem edies 

are o ften  a rc h ite c tu ra l in n a tu re : th ey  include h ierarch ica l a n d  m o d u la r  syn thesis  [W W96] 

and  various d o m ain  specific heu ristics  [Oku86. CL90. PR SV 98].

1.1.2 O p en  sy ste m s  and  G am es

In verification , th e  in p u ts  from  the  env ironm en t to  a  sy s tem  are  tre a ted  as p a r t 

o f the  system , w hich  assigns n o n d eterm in is tic  values to  th e  in p u ts . We call these  system s 

closed. In  sy n th esis , how ever, system s a re  tre a ted  as open: th ey  in te ra c t w ith  th e ir  env iron­

m ents an d  ca n n o t c o n s tra in  th e ir  en v iro n m en ts ' behav io rs. H ence, a  s tre a m  tran sd u ce r, an  

open-loop D ES. a n d  a  co m p o n en t in a  closed system  are  a ll o p en  sy stem s. O p en  system s
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possess in te re stin g  p ro p e rtie s  such  as realizability . Besides, researchers have p roposed  o th e r 

p ro p e rtie s  re la ted  to  o p en  system s. We give som e exam ples below.

R eceptiveness [Dil89, AL93, GSSAL98]. G iven a  reactive  sy stem , specified  by a  set 

o f safe  c o m p u ta tio n  traces  a n d  a  se t o f live co m p u ta tio n s  (typ ically , exp ressed  by an  LTL 

form ula), th e  recep tiveness p ro b lem  is to  d e te rm in e  w h e th e r every  fin ite safe co m p u ta tio n  

can  be ex ten d e d  to  an  in fin ite  live co m p u ta tio n  irrespective o f  th e  b eh av io r th e  env ironm ent. 

M odule checking [KV96]. G iven an  o pen  system  an d  a  C T L  fo rm ula  p .  th e  m odule- 

checking p ro b lem  is to  d e te rm in e  if. no m a tte r  how th e  en v iro n m en t re s tr ic ts  th e  ex te rn a l 

choices, th e  sy s tem  satisfies ip.

W ell-form edness o f com ponent interfaces [dAHOla, dAH O lb, CdAHM 02]. G iven 

an  interface F  specified  as a  s ta te - tra n s itio n  system , w here each tra n s itio n  o f F  a re  anno­

ta te d  w ith  an  input assum ption ,  th a t  is. a  set of in p u t signals th a t  F  accep ts: an d  an  output  

guarantee,  th a t  is a  se t o f o u tp u t signals th a t  F  o u tp u ts  if th e  in p u t a ssu m p tio n  is satisfied . 

An e rro r s ta te  o f F  is a  s ta te  w here th e  env ironm en t o f F  can n o t p ro d u ce  an  in p u t th a t  

F  accep ts . T h e  in terface  F  is w ell-form ed iff th e  error s ta te  is no t reach ab le  un d er some  

env iro n m en t. W ell-form edness is less restric tiv e  th a n  receptiveness, which requires F  to 

accep t all in p u ts  u n d e r all en v iro n m en ts , an d  it p e rm its  th e  reason ing  a b o u t com ponen ts 

th a t  have b id irec tio n a l p o rts  [CdAHM 02].

A lternating tem poral-logic [AHK97], G iven a A lte rn a tin g  tem pora l-log ic  (ATL) spec­

ification p> a n d  a  co n cu rren t sy stem  P  =  Pi\\P-> com prising  two in te ra c tin g  com ponen ts 

(agents) Pi a n d  Pi.  th e  A TL verification  p rob lem  asks if th e  system  P  satisfies th e  specifi­

ca tio n  ip. Q u estio n s  th a t  one can  asks in ATL include: Does th e  agen t P\ (say. a  processor 

in a  m u lti-p ro cesso r system ) have a  s tra te g y  to  m eet a  req u irem en t (say. th e  even tua l ow n­

e rsh ip  o f th e  bus) no m a tte r  w h a t th e  o th e r agents (say. processors) do? Does th e  agent P\ 

(say. a  traffic-ligh t con tro ller) have a  s tra teg y  to  avoid v io la tion  o f som e req u irem en t (say. 

s im u ltan eo u s g reen  lights ;it an  in tersec tion ) no m a tte r  w h a t th e  o th e r  ag en ts  (say. vehicles 

on th e  road) do?

ATL e x ten d s  th e  logic C T L : w hile C T L  allows expression  o f un iversa l an d  ex isten ­

tia l p ro p e rtie s  o f  closed sy stem s. ATL also allows expression  o f ad v e rsa ria l an d  p ro tag o n ist 

p ro p e rtie s . T h e  sy n ta x  o f  ATL generalizes the  p a th  quan tifiers  o f C T L  from  V an d  3 to  

((P))ip ( P  can  en su re  th a t ,  no m a tte r  w ha t th e  env ironm en t o f P  does, p  ho lds), an d  \ P \ p  

(P  c an n o t avoid  p ) .  w here P  is an  o pen  system . ATL has been ap p lied  in several areas 

o f co m p u te r sciences such  as co rrec tness ana lysis o f secu rity  p ro toco ls  [KROO. KR01] an d
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fea tu re  in te rac tio n s  [C'RSOO].

A ll th e  s ta te d  p rob lem s a rise  from  th e  in terac tio n  am ong  th e  various com ponen ts of 

th e  sy stem s, an d  possess a  gam e-like (V3) in te rp re ta tio n : Does a  so lu tio n  ex ists  no m a tte r  

w ha t th e  ad v e rsa ry  (e.g. en v iro n m en t) does? T h is  is in c o n tra s t to  th e  closed system  

verification  p rob lem  w hich asks for th e  so lu tion  o f an  3 p roblem : for in stance , does the  

system  as a  w hole have a  p a th  to  reach  a  bad  s ta te ?  In te rac tio n s  am o n g  th e  op en  system s 

can  be m odeled as a  gam e, w hile th e  p a rtic ip a tin g  system s are  m odeled  as th e  players, and  

th e  spec ification  m odeled  as th e  w inn ing  co n d itio n  o f th e  gam e. T h en , solv ing  th e  above 

s ta te d  problem s am o u n ts  to  so lv ing  th e  gam e, th a t  is. dec id ing  th e  w inner o f th e  gam e.

We a d o p t th is  g am e-th eo re tic  view of system s in reason ing  a b o u t com plex system s 

th a t  consists o f co m p o n en ts : o ften  th is  view gives new insigh ts  in dev ising  new m odel- 

checking a lg o rith m s. As an  exam ple , if one proves th a t  a  co m p o n en t P  h as  a  s tra teg y  to 

reach a  goal no m a tte r  w h a t its  en v iro n m en t does, th en  th e  sy stem  P\\Q  consisting  o f P  and  

Q  has a  p a th  to  reach  th a t  goal. As a  re su lt, th e re  is no need to  co m p u te  th e  com position  

o f th e  com ponen ts, a n d  s ta te -ex p lo s io n  can  be avoided. In th is  d isse r ta tio n , we s tu d y  ways 

to  im prove the  efficiency an d  cap ac ity  o f LTL sym bolic m odel-checking o f closed, reactive 

system s, by reason ing  a b o u t th e ir  com ponen ts  as o p en  system s.

We are  in te re sted  in th e  gam es aris ing  from  synchronous sy stem s since they  rep­

resen t a  large class o f in te re stin g  a n d  p rac tica l system s, such as e lec tro n ic  c ircu its . Solving 

th e  gam es arising  from  synch ronous sy stem s o ften  requ ire  th e  so lu tio n s to  the  single-step  

games,  w hich in fo rm ally  asks if th e  sy stem  o r its env iro n m en t can  reach a  specified goal 

(e.g. a  specified s ta te )  in ex ac tly  one s tep . For exam ple , consider th e  following multi-step. 

reach ab ility  gam e: Does th e  sy stem  have a  strategy ' to  reach a  specified  s ta te  .s eventually . 

We can  solve th e  p rob lem  by' ite ra tiv e ly  asking: Is th e  system  a lread y  in th e  s ta te  s'! Does 

th e  system  have a  s tra te g y  to  reach s in  one step ?  Does th e  sy stem  have a  strategy ' to  reach 

s in two s tep s?  D oes th e  sy stem  have a  s tra te g y  to  reach s in k  s tep s?  Clearly*, for fin ite 

s ta te  system s, th e  n u m b er k  o f q u estio n s to  ask  is b o u n d ed  by th e  n u m b er of s ta te s  in the  

system s.

Hence, for syn ch ro n o u s sy stem s, th e  a lg o rith m  for solv ing  a  gam e consists o f  two 

o rth o g o n a l p a rts : a  ro u tin e  for so lv ing  sing le-step  gam es, an d  a  "control s tru c tu re "  th a t 

i te ra te s  th e  ro u tin e . W hile  th e  co n tro l s tru c tu re  is generally  d ep e n d en t on ly  upon  the  spec­

ification . an d  indeed  for som e spec ifica tion  form alism s such as ^ -ca lcu lu s , th e  con tro l s tru c ­

tu re  is read ily  o b ta in e d  from  th e  spec ification , th e  sing le-step  gam es a r is in g  from  different

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

C H A P T E R  1. I N T R O D U C T I O N

ty p es  o f synchronous sy stem s req u ire  d ifferent solu tions: for M oore system s w hose o u tp u ts  

a re  in dependen t of th e  cu rren t in p u ts , th e ir  sing le-step  gam es can  be solved by eva lua ting  

q uan tified  boolean  form ulas (Q B F ) w ith  only one V3 sw itch: w hereas for M ealy system s 

w hose o u tp u ts  m ay d ep en d  on th e  cu rren t in p u ts , so lving th e  co rresp o n d in g  sing le-step  

gam es m ay require th e  ev a lu a tio n  o f Q B F  form ulas w ith  m u ltip le  sw itches. T h e  classifica­

tio n  of synchronous system s an d  th e  s tu d y  of th e ir  s ing le-step  gam es a re  th e  m ain  them e 

of th is  d isserta tio n .

1.1 .3  G am es in logic and con cu rren cy  th eo ry

Form al verification  an d  sy n th esis  have th e ir ro o ts  in m a th em atica l logic an d  con­

cu rren cy  theory, w here gam es play an  im p o rtan t role. We briefly m ention  som e exam ples 

o f such gam es which we m ay touch  u p o n  in th is d isse rta tio n .

Model-checking of p-calculus. T h e  m odel-checking p rob lem  of /{-calculus ;isks. given a  

/{-calculus form ula ^  an d  a  K ripke s tru c tu re  K .  if ^  holds in K .  T h e  /{-calculus m odel- 

checking problem  was first s tu d ied  in [EL86]. an d  it can  be casted  as th e  model-checking  

game  [Sti'Joj.

/i-calculus M odel-checking and Parity games. T h e exact com plex ity  o f th e  //-calcu lus 

m odel-checking p roblem  rem ains unknow n afte r m ore th a n  a  decade o f ac tive  research. T he 

b est know n com plexity  is d u e  to  [.JurOO]. w ho show ed th a t  th e  p rob lem  is U P n  co-U P. It is 

an  o pen  problem  if //-ca lcu lus m odel-checking can  be done in po lynom ial tim e. O n  th e  o th e r 

h an d , th e  //-calcu lus m odel-checking gam e has been  show n to  be po lynom ially  reducib le  to 

a  varie ty  o f gam es, includ ing  p a r ity  gam e [Sti95. E.JS93]. m ean  payoff gam e [Pur95. S ti95. 

•JurOO]. d iscoun ted  payoff gam e [ZP96] an d  s to ch astic  gam e [Con92. P ur95 . S ti95. ZP96]. 

an d  th e  search for po lynom ial tim e  so lu tio n s to  these  gam es is u n d e r ac tive  research  am ong 

logicians, co m p u te r sc ien tis ts  an d  g am e-thco rists .

Equivalence o f Kripke structures. Tw o K ripke s tru c tu re s  a re  in d is tin g u ish ab le  by any  

/i-calcu lus form ula if an d  only  if th ey  are  b isim ilar. B isim ilarity  can  be ch a rac te rized  by 

th e  hisimilation game  [Tho93. Sti97]. In essence, th e  b isim ila tio n  gam e is s im ila r to  th e  th e  

E hrenfeuch t-F raisse gam e for show ing e lem en ta ry  equivalence o f firs t-o rd er s tru c tu re s . 

D ecidability o f second-order logic. To prove th e  d ec id ab ility  o f th e  theories o f m onadic 

second o rd er logic w ith  n-successors (SnS). R ab in  in tro d u ced  w hat is now know n as th e  

R ab in  tree  a u to m a ta  [Rab69]. T h e  p ro o f en ta ils  in show ing th a t  R ab in  tree  a u to m a ta
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a re  closed u n d er d is ju n c tio n , p ro jec tio n  an d  co m p lem en ta tio n . W hile p rov ing  th e  closure 

o f R ab in  tree  a u to m a ta  u n d e r  th e  d is ju n c tio n  an d  p ro jec tio n  is re la tiv e ly  s tra ig h t-fo rw ard , 

th e  p ro o f o f closure u n d er co m p lem en ta tio n , also know n as th e  C o m p lem en ta tio n  L em m a, is 

very com p lica ted  an d  th e  o rig in a l p roo f given by R ab in  is h igh ly  involved. M any sim plified  

proofs have been suggested  [HR72. MS8-1. M uc84] since th en . O ne o f th e  b es t know n proofs 

uses in fin ite  gam es [GH82].

Equivalence o f ^-calculus and Rabin Tree Autom ata. R esearch  on ^ -ca lcu lu s  gives 

new insight to  m a th em a tica l logic. In a u to m a tic -th e o re tic  m eth o d s , one associa tes, for 

each fo rm ula  o f a  tem p o ra l logic, a  fin ite au to m a to n  th a t  recognizes ex ac tly  those in fin ite  

s tru c tu re s  in w hich th e  fo rm ula  holds. T h e n  th e  sa tisfiab ility  p rob lem  for th e  fo rm ula  can  

be reduced  to  checking n o n em p tin ess  o f th e  asso c ia ted  a u to m a ta . W hen  th e  logic is /£- 

ca lcu lus, one can asso c ia te  each  /i-ca lcu lus form ula w ith  a  R ab in  tre t' a u to m a to n . It has 

been show n th a t ji-calctilus o n  infin ite trees  is expressively  equ ivalen t to  th a t  o f R ab in  tree  

a u to m a ta  [E.J91]: given a  /i-ca leu lus fo rm ula 3̂. th ere  ex ists  a  R ab in  tree  a u to m a ta  U  (.and 

vice versa), such th a t  an  in fin ite  tree 5  is a  m odel o f ^  iff S  is accep ted  by U. S ince 

/i-calcu lus is triv ia lly  closed u n d e r com p lem en ta tio n , th e  equivalence in expressive pow er 

provides an  a lte rn a tiv e  p ro o f o f  th e  C o m p lem en ta tio n  L em m a.

G am es are  also used  in  o th e r b ran ch es of co m p u te r science such  as F in ite  M odel 

T h eo ry  an d  D escrip tive Set T heory . N ote th a t  th e  gam es used in logic an d  concurrency  

a re  usually  tu rn -b a sed  (each tu rn  e ith e r p lay  moves) an d  th e  sing le-step  gam es are  triv ia l, 

w hereas th e  gam es for ch a rac te riz in g  o p en  system s usually  involve co n cu rren t m ovem ents 

o f th e  players, an d  hence have com plica ted  sing le-step  gam es.

1.2 Thesis O verview

T his d is se rta tio n  s tu d ie s  open  system s using  g am e-th eo re tic  m eans. We s tu d y  the  

following th ree  areas o f o p en  system s:

•  C onnection  betw een o p en  an d  closed system s verification: in p a r tic u la r , we s tu d y  

techniques to  im prove th e  p erfo rm ance o f tra d itio n a l m odel-checking using gam e- 

th eo re tic  techn iques p e r ta in in g  to  o p en  system s verification . W e view a  sy stem  as 

a  collection o f in te ra c tin g  com ponen ts. E ach in te ra c tin g  co m p o n en t is an  o p en  sys­

tem . Based on  th is  view , we p ropose  tw o novel g am e-th eo re tic  verification  a lg o rith m s.
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nam ely, early error detection  ancl au tom atic  proof decomposition.  T h ey  will be p re­

sen ted  in C h ap te rs  3 an d  4. respectively . T h ey  are  based  on th e  m a te r ia ls  p resen ted  

in [A dA HM 99. dAHMOOb]. T h e  gam es p lay  on th e  s ta te -sp a ce  o f th e  co m p o n en ts 

an d  th e  ou tcom e o f th e  gam es a re  used to  infer p ro p e rtie s  a b o u t th e  co m p le te  system : 

hence o u r a lg o rith m s fall in to  th e  ca teg o ry  o f com positiona l reasoning .

•  C o m position  o f synchronous  op en  system s (system s th a t  p roceed  in lock-step) and  

sing le-step  con tro l p rob lem : a  co n tro lle r provides in p u t to  an  o p en  sy stem  such th a t 

th e  com posed  sy s tem  behaves in a way th a t  satisfies th e  spec ifica tion . T h e  o u tp u t 

signals o f th e  co n tro lle r d ep e n d s  on th e  in p u t an d  o u tp u t  signals o f th e  sy stem  an d  

som e o u tp u t  signals o f th e  sy stem  m ay no t be observed . For in s tan ce , an  in p u t 

o f th e  con tro ller c a n n o t observe an  o u tp u t  of th e  system  th a t  it does no t d ep en d  

on. We provide g am e-th eo re tic  defin itions o f increasingly  s tro n g e r no tions of in p u t- 

o u tp u t dependencies, o r types, an d  show  th a t  system s eq u ip p ed  w ith  th e  s trongest 

ty p e  m odels ex ac tly  all co n stru c tiv e , delav -in sensitive  d ig ita l c ircu its .

We th en  s tu d y  th e  p rob lem  of sing le-step  con tro ller sy n thesis  (gam es) for system s 

eq u ip p ed  w ith  various ty p es  an d  gives th e  com plex ity  bounds. T h is  will be  p resen ted  

in C h a p te r  5. Som e o f th is  m ate ria l was p resen ted  in [dAHMOOa. dA HM O lJ.

•  S yn thesis o f uninitialized s y s te m s : th a t  is. open  sy stem s whose beh av io rs are inde­

p en d en t o f th e  in itia l s ta te s . T h ese  sy stem s n a tu ra lly  p resen ts  in p ra c tic a l hardw are , 

a n d  form  an  in te re stin g  class o f system s b o th  p rac tica lly  an d  th eo re tica lly . We s tu d y  

u n in itia lized  system s using  gam es an d  th e  re su lts  will be p resen ted  in C h a p te r  6. It 

is based  on  [HKKM 02].

T h e  ch ap te rs  can  be read  in d ep en d en tly  (except for C h a p te r  2 w hich provides all th e  nec­

essary  p re lim inaries used in all th e  su b seq u en t ch a p te rs). T h e  c h a p te r  su m m aries  a re  given 

below.

1.2 .1  E arly error d e te c t io n  in m od el-ch eck in g

Any form al m e th o d  o r too l is a lm ost ce rta in ly  m ore o ften  ap p lied  in  s itu a tio n s  

w here th e  ou tcom e is fa ilu re  (a  co u n terex am p le) ra th e r  th a n  success (a  co rrec tn ess  p roo f). 

In  C h a p te r  3 we p resen t a  m e th o d  for sym bolic  m odel-checking th a t  can  lead to  significant 

tim e  a n d  m em ory  savings for m odel-checking ru n s  th a t  fail, w hile o ccu rrin g  on ly  a  sm all
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overhead  for tnodel-checking ru n s th a t  succeed. O u r m eth o d  discovers an  e rro r  as soon  as it 

ca n n o t be p reven ted , w hich can  be  long before it ac tu a lly  occurs: for ex am p le , th e  v io la tion  

o f an  in v arian t m ay becom e u n p rev en tab le  m any  tra n s itio n s  before th e  in v arian t is v io la ted .

T h e  key o bserva tion  is th a t  "u n p rev en ta b ility ” is a  local p ro p e rty  o f a  sing le m o d ­

ule: an  e rro r is u n p rev en tab le  in a  m o d u le  s ta te  if no env ironm ent can  p rev en t it. T h e re ­

fore. u n p rev en tab ility  is inexpensive to  co m p u te  for each m odule, yet can  save m uch work 

in th e  s ta te  ex p lo ra tio n  o f th e  g lobal, co m p o u n d  system . B ased on  d iffe ren t degrees of 

in fo rm atio n  availab le  a b o u t th e  en v iro n m en t, we define an d  im plem ent several n o tio n s of 

"u n p rev en tab ility .” including  th e  s ta n d a rd  n o tio n  o f u n co n tro llab ilitv  from  discrete-event. 

con tro l.

1.2 .2  A u to m a tic  a ssu m e-g u a ra n tee  p ro o f d eco m p o sitio n

M o d u lar techniques for a u to m a tic  verification  a tte m p t to  overcom e th e  s ta te -  

exp losion  p rob lem  by ex p lo itin g  th e  m o d u la r s tru c tu re  n a tu ra lly  p resen t in m any  system  

designs. I ’nlike o th e r t;isks in the  verification  o f fin ite -s ta te  system s, cu rre n t m o d u la r tech­

n iques rely heavily  on user gu idance . In p a r tic u la r , th e  user is typ ically  req u ired  to  co n stru c t 

m od u le  ab s tra c tio n s  th a t  a re  n e ith e r too  d e ta iled  as to  render insufficient benefits  in s ta te  

ex p lo ra tio n , nor too  coarse as to  inv a lid a te  th e  desired  system  p ro p erties . In  C h a p te r  4. we 

p ropose  a m e th o d  w here a b s tra c t  m odu les a re  co n stru c ted  au to m atica lly , using  reach ab il­

ity  a n d  co n tro llab ility  in fo rm atio n  a b o u t th e  concrete  m odules. T h is  allow s us to  leverage 

a u to m a tic  verification techn iques by ap p ly in g  th em  in layers: first we co m p u te  on th e  s ta te  

spaces o f sy stem  com ponen ts, th en  we use th e  resu lts  for co n s tru c tin g  ab s tra c tio n s , an d  

finally  we co m p u te  on th e  a b s tra c t  s ta te  space o f th e  system . O u r ex p e rim en ta l resu lts  

in d ica te  th a t  if reachab ility  an d  co n tro llab ility  in fo rm ation  is used in th e  c o n s tru c tio n  of 

ab s tra c tio n s , th e  resu ltin g  a b s tra c t m odu les a re  o ften  significantly  sm alle r th a n  th e  concrete  

m odu les an d  can  d ra s tica lly  reduce th e  space an d  tim e requ irem en ts for verification .

1.2 .3  T h e  co m p o sitio n  and co n tro l o f  synchronous sy stem s

A fu n d am en ta l q u estio n  in th e  s tu d y  o f com positional verification  o f  sy stem s is the  

sem an tics  o f  com position . R eactive sy stem s sh o u ld  be  non-blocking, in  th e  sense th a t  every  

s ta te  sh o u ld  have a t  least one successor s ta te  [BG88. Hal93. K ur94. L yn96 |. N on-b lock ing  is 

essen tia l for com positiona l techn iques such  as assu m e-g u aran tee  reasoning . In con tro l, non­
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blocking m eans th a t th e  co n tro ller shou ld  never preven t th e  p lan t from  m oving. However in 

th e  com position  o f synchronous processes, non-b locking  is no t g u a ran teed  in th e  p ro d u c t. 

For exam ple , th e  com position  o f an  inverte r com ponen t y = ->x an d  an  id en tity  com ponen t 

(I = x  is blocking. B locking com positions o f processes can  be ru led  o u t sem antically , by 

insisting  on th e  ex istence o f c e r ta in  fixed p o in ts , or syn tactica lly , by  eq u ip p in g  processes 

w ith  types, which m ake th e  d ependencies betw een  in p u t an d  o u tp u t  signals tra n sp a re n t. 

In C h a p te r  5. we classify various typ ing  m echanism s an d  s tu d y  th e ir  effects on  th e  con tro l 

p roblem . T h e  sem antics o f types a re  given in g am e-th eo re tic  term s.

A s ta tic  ty p e  enforces fixed, acyclic dependencies betw een  in p u t an d  o u tp u t  p o rts . 

For exam ple , synchronous h ard w are  w ith o u t co m b in atio n al loops can  b e  ty p ed  sta tica lly . A 

dynamic: ty p e  m ay vary th e  dependencies from  s ta te  to  s ta te , w hile m a in ta in in g  acyclicity, 

as in level-sensitive latches. T h en , two dynam ica lly  ty p ed  processes can  be sy n tac tica lly  

co m p atib le , if all pairs of possib le dependencies a re  co m p atib le , or sem an tica lly  com patib le , 

if in each s ta te  the  com bined dependencies rem ain  acyclic. A d e p e n d en t-ty p e  resolves th e  

dependencies g radually  th ro u g h  a  gam e am ong  th e  com ponen ts , as in g a ted  clocks. We show 

th a t d ep en d en t-ty p ed  m odules a re  equivalen t to  co n stru c tiv e  c ircu its , i.e.. c ircu its  th a t have 

a co n stru c tiv e  sem antics, which are  in tu rn  equ ivalen t to  all delay -in sensitive  c ircu its .

For a  given p lan t process an d  con tro l ob jective, th e re  m ay be a  co n tro ller o f a 

s ta tic  ty p e , or only a  co n tro lle r o f a sy n tac tica lly  co m p atib le  d y n am ic  ty p e , o r on ly  a  

co n tro lle r o f a  sem antica lly  co m p atib le  d y n am ic  type, o r on ly  a  co n tro lle r o f d ep en d en t- 

type. We show th is  to  be a  s tr ic t  h ierarchy  o f  possib ilities, an d  we p resen t a lg o rith m s an d  

d e te rm in e  th e  com plexity  o f th e  co rresp o n d in g  con tro l problem s. F u rth erm o re , we consider 

versions o f the  con tro l p roblem  in w hich th e  ty p e  o f th e  co n tro lle r (s ta tic , d ynam ic o r 

d ep en d en t) is given. We show th a t  th e  so lu tion  o f these fixed-type con tro l p rob lem s requ ires 

th e  ev a lu a tio n  o f p a r tia lly  o rdered  (H enkin) q uan tifie rs  on boo lean  form ulas, an d  is therefo re 

h a rd e r (n o n d e te rm in is tic  ex p o n en tia l tim e) th a n  m ore tra d itio n a l co n tro l questions. We also 

show  th a t ,  co n tra ry  to  folk w isdom s, th e  no tion  o f " th e  m ost general co n tro lle r-  for safety  

p ro p e rtie s  does not ex ist in general for m ost synchronous system s.

1.2 .4  S yn th esis o f  u n in itia lized  sy stem s

In th e  syn thesis p rob lem , th e  requ irem en t on th e  in p u t-o u tp u t b eh av io r o f th e  

sy n th esized  system , called  th e  s tre a m  req u irem en t, is specified fo rm ally  by m o d a l logic for-
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rim las o r  u ;-au to m ata . T h e  Realizability Problem (R P ) asks, given a  s tre a m  req u irem en t R .  

to  find a  s ta te  m ach ine th a t  satisfies R.  T h e  p rob lem  was first s ta te d  by C h u rch  in [Chu62]. 

for s tre a m  req u irem en ts  specified  in  th e  sequential  calculus.  Several so lu tio n s for it have 

been  s tu d ie d  [BL69. Rab72]. an d  in [PR 89aj. P nueli an d  R osner solved it for spec ifications 

given in  linear tem p o ra l logic an d  suggested  its  ap p licab ility  in op en  sy s tem  sy n th esis  a n d  

con tro l.

In p rac tice , however, seq u en tia l h a rd w are  is o ften  designed  to  o p e ra te  w ith o u t p rio r 

in itia liza tio n . T h ey  can  be  m odeled  by unini tial ized state, machines.  Such m achines req u ire  

no reset c irc u itry  a n d  therefore  have an  ad v an tag e  o f sm alle r a rea . A w ell-know n ex am p le  o f 

u n in itia lized  s ta te  m achines is th e  IE E E  1149.1 s ta n d a rd  for b o u n d ary -scan  te s t [Com90]. 

whose spec ifica tion  consists of. am ong  o th ers , a  s ta te  m achine th a t  needs n o t s ta r t  from  

a know n s ta te . U n in itia lized  s ta te  m achines are  also necessary  for "safe rep laceab ility "  

of seq u en tia l c ircu its  [SP94], w here a  s ta te  m achine is rep laced  by a n o th e r  in such a  way 

th a t  th e  su rro u n d in g  env ironm en t is no t ab le  to  d e tec t th e  changes. T h e  rep lacing  s ta te  

m ach ine is an  u n in itia lized  s ta te  m ach ine because it m ay pow er-up in an  a rb itra ry  s ta te .  

U n in itia lized  s ta te  m achines have been  s tu d ied  by som e researchers before [SP94. Q B SP96]. 

In C h a p te r  6  we s tu d y  th e  sy n th esis  p rob lem  o f u n in itia lized  s ta te  m achines.

We define th e  Uninitialized Realizability Problem  (U R P ). w hich asks given a s tre a m  

req u irem en t R  on  th e  in p u t-o u tp u t behav io r, to  find an  u n in itia lized  s ta te  m ach ine  . \ I  th a t  

satisfies R  no m a tte r  w h a t th e  in itia l s ta te  o f M  is. We s tu d y  th e  U R P  for spec ifications 

th a t  a re  specified by LTL form ulas o r Biichi a u to m a ta . We consider d e te rm in is tic , nonde- 

te rm in is tic . un iversa l, an d  a lte rn a tin g  a u to m a ta . In p a rtic u la r , we p rovide an  a lg o rith m  for 

so lv ing  th e  U R P  for each o f th e  above form alism s, an d  prove co rresp o n d in g  lower b o u n d s . 

T h e  proofs tu rn s  o u t to  be n o n -triv ia l. an d  requ ire  co m p lica ted  generic reductions.
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C hapter 2

P r elim inar ies

M ath em atics  is a  gam e played accord ing  to  c e rta in  sim ple rules w ith  m eaningless 
m arks on paper.

-  D avid H ilbert (1862-1943)

Let X  be a  se t o f variables. In th is  d is se r ta tio n  all variables range over the  set IB 

o f booleans. We d en o te  by P S t a t e s ( X )  th e  se t o f p a r tia l  functions from X  to  IB. an d  by 

S t a t e s ( X )  th e  set o f to ta l functions. G iven i: €  P S t a t e s ( X ) .  we w rite  V ar (r )  C X  for th e  

set o f variables on w hich v is defined. For Y  C X .  we w rite  e [ i 'j  for the  re s tr ic tio n  o f r 

to  th e  variables in V*. We in d ica te  w ith  P (.Y ) th e  set of p red icates over .Y. For a  boo lean

form ula over X .  we w rite  -f[v\ =  o[(.’( x i ) / x i  u (x re) / x ri] for th e  form ula o b ta in ed  by

rep lacing  each variab le  x , 6  V a r (v )  in ^  w ith  th e  t ru th  value t:(x ,). If ^-[rj co n ta in s  no free 

variab les, th en  we let d en o te  th e  t ru th  value o f ^ [c j. We som etim es w rite  v (= ^  iff 

v [ ' i -  We w rite  .Y' =  \ x '  | x  €  A'} for th e  set o f co rresp o n d in g  p rim ed  variab les, an d  for 

v €  P S t n t e s ( X ) .  we w rite  v' for th e  p a r tia l fu n c tio n  in P S t a t c s { X ’) such th a t  v ' (x ' ) =  c(.r) 

for all x  6  VVir(r). an d  c '(x ')  is undefined  o therw ise . G iven  a  set .4 an d  an  elem ent x . we 

o ften  w rite  .4 \  x  for .4 \  ( x ) .  w hen th is g en e ra tes  no confusion.

2.1 M odules and com position

T h e  basic en tity  for m odeling co m p o n en ts  o f con cu rren t system s are  m odules. A 

module P  =  (O p .  [p.  [n i tp .  ~p) consists o f th e  follow ing th ree  com ponents:

•  A finite se t O p  o f output  variables.  T h ese  variab les a re  u p d a te d  by th e  m odu le .
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•  A fin ite  set I p  o f input  variables.  T hese  variab les are  u p d a te d  by th e  env ironm en t. 

T h e  se ts  O p  an d  I p  m ust be d isjo in t. We w rite  X p  = O p U l p  for the  set o f all m odule 

variables. T h e  s tates  o f  P are  S p  = S t a t e s ( X p ) .  an d  th e  partial (next )  s ta tes  o f P  

are  R p  = PSt at es (X 'p ) .  U nprim ed  variab les rep resen t c u rre n t-s ta te  values: p rim ed  

variab les, n e x t-s ta te  values. A p a ir (s . t ' )  £  S p  x  R p  is ca lled  an  extended state.  For 

any  p red ica te  ^  6  V ( X p ) .  th e  s ta te  s €  S p  is a  ^ - s ta te  if

•  A n initial predicate In i t p  £  ' P ( X p ) .  defin ing  th e  set o f in itia l s ta te s  o f P.

•  A boo lean  fo rm ula  rp  £  V ( X p U X p ) .  ca lled  t ransit ion predicate,  over th e  set A’pU .Y p 

o f variables: it re la tes  th e  c u r re n t-s ta te  an d  n e x t-s ta te  values o f the  m odule variables. 

T h e  s ta te  t £  S p  is a  macro-step successor,  o r s im p ly  successor, o f th e  s ta te  .s £  S p  if 

rp |[.sU t'|. For a  variab le  x  £  X p .  th e  ex ten d ed  s ta te  (.s. u') £  S p  x R p  is a  ( micro-s t ep ) 

{x. rp)-successor  o f th e  ex ten d ed  s ta te  ( s . t 1) if x '  g  Var ( t ' )  and  th ere  ex ists b £  IB 

such th a t  u' = t' U {(x '. 6 ) j- an d  rp[s  U u'] is sa tisfiab le .

A Moore module P  is a  m odule whose tra n s itio n  p red ica te  is in dependen t of the  next- 

s ta te  values of th e  in p u ts , th a t  is. rp  is over O p  U I p  U O'p. T w o m odules P  and  Q  are 

composable if th e ir  o u tp u t  variab les O p  an d  O q  a re  d is jo in t. G iven two com posable m odules 

P  am i Q.  th e  synchronous  ( lock-step) composi t ion P\ \Q  is th e  m odule w ith  th e  co m ponen ts  

OpiQ = O p  U O q . lp\\Q — ( I p U  Iq ) \ O p \iq . Ini t  p\\Q = ( [nit  p  A In i t Q ). and  ~p \q — (~p A ~q ).

In th is  d isse rta tio n , we consider m odules th a t  a re  non-blocking. A m odule  P  is 

non-blocking if it h as a t  least one in itia l s ta te ,  th a t  is. th e  in itia l p red ica te  I n i tp  is satisfiab le: 

an d  if every s ta te  has a  successor, th a t  is. for each s ta te  s th e re  is a  s ta te  t such th a t rp.s u  t ' .

We assum e th a t  all p red icates a re  rep resen ted  in such a  way th a t  boo lean  op­

e ra tio n s an d  ex is ten tia l q u an tifica tio n  o f variab les a re  efficiently com pu tab le . Likewise, 

we assum e th a t  sa tisfiab ility  of all p red ica tes  can  be checked efficiently. Binary  decision  

diagrams  (B D D s) p rov ide a  su itab le  re p re sen ta tio n  [BrySG].

2.2 Verification

2.2 .1  S p ecifica tion : L in ear-tim e tem p o ra l logic

We consider specifications exp ressed  by lin ear-tim e  tem p o ra l logic (LTL) I PnuTT] 

form ulas over a  set Prop  o f a to m ic  p ro p o sitio n s. T h e  se t o f LTL form ulas con ta ins th e  a to m ic
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p ro p o sitio n s  Prop,  an d  is th e  sm allest set closed u n d er ap p lica tio n s  o f Boolean o p e ra to rs , 

th e  u n a ry  te m p o ra l o p e ra to r  O. a n d  th e  b in a ry  tem p o ra l o p e ra to r  U . LTL form ulas are  

in te rp re ted  over in fin ite  co m p u ta tio n s . A co m p u ta tio n  is a  fu n c tio n  n : N  —► 2 Frop. w hich 

assigns a  su b se t o f Prop  to  each  tim e  in s ta n t i €  N .  For a  co m p u ta tio n  ft =  wq. iv[ . . . .  let 

ft, be th e  suffix w t. w , + 1 —  T h e n  we have:

•  tt |= p  for p  €  E  iff p  €  (Co:

•  7T 1=  iff tt ^  0 :

•  7 r ( = 0 V 0 i f f 7 r [ = 0  a n d  tt [ =  0 :

•  7r f= Os? iff fti 0 : an d

•  ft )= p U  0  iff th e re  ex ists  k  >  0  such th a t  p= /'•. an d  for all 0  <  ( <  k.  we have

(= 0 .

We use th e  a b b rev ia tio n  Os? for T i f  0  which expresses th e  p ro p e rty  th a t  0  will even tua lly  

hold: D 0  for - 'O ~ ,0  w hich expresses th e  p ro p e rty  th a t  0  a lw ays holds.

For a  m odule  P  a  s ta te  .s o f P  defines a  su b se t L(s )  — {x €  X p  | x[.s| [ o f 

a to m ic  p ro p o sitio n s. A .s-trace o f P  is a  sequence o f s ta te s  s  - .so--s i • • • €  (S p)~  such th a t  

.s =  .so an d  Tp[.Sfc U . s ^ J  for k  > 0. A .s-trace is initial  iff 7mfp|[.sj]. A .s-trace induces a 

co m p u ta tio n  L (.so )L (.s i). . .  €  (2 -Vp)•*■'. G iven an  LTL fo rm ula  0  over A'p an d  a  .s-trace .s o f 

P.  we say th a t  .s satisfies 0  if th e  co m p u ta tio n  induced  by .s satisfies 0 . We w rite  P..s [= 0  

iff a ll .s-traces o f P  sa tisfy  0 . T h e  LTL verification  p rob lem  for a  m odule  P  w .r.t. th e  LTL 

fo rm ula  0  asks w h e th e r a ll in itia l traces  o f P  sa tisfy  0 : th a t  is. P..s }= 0  for all .s w here 

In i tp \ . sj.

Theorem  2.1 [AH98] The L T L  verification problem f o r  modules  is P S P  ACE-complete .

2 .2 .2  R ea ch a b ility  an d  invariant verifica tion

A s ta te  o f a  m o d u le  P  is reachable if it a p p e a rs  in som e in itia l trace  o f P . We 

d en o te  by Reach(P )  th e  p re d ic a te  defin ing  th e  reachab le  s ta te s  o f P : th is  p red ica te  can be 

co m p u ted  using  s ta n d a rd  s ta te -sp a ce  ex p lo ra tio n  techn iques [C ES 8 6 ] such  as A lgorithm  2.1.

Algorithm  2.1 
Input: M odule P .
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Output: P red ica te  Re a ch (P )  over X p .

Initialization: Let Uq  =  In i tp .

Repeat: For k  > 0. let

U'k+l =  U'k V 3 X p  . ( r  A Uk ) .

Until: Uk+i = Uk .

Return: Uk .

A lgorithm  2.1 co m p u tes  R each(P )  by successively co m p u tin g  th e  p red ica tes  Uq. U \  U k =

Lfc-i w here U, defines th e  set o f s ta te s  th a t  are  reach ab le  from  any  in itia l s ta te  o f P  in 

a t m ost i s teps. T h e  p red ica te  Reach{P)  is th ere fo re  th e  fixpo in t o f th e  ite ra tio n s, i.e.. 

Uk =  Uk „ i . w hen no m ore a d d itio n a l s ta te s  can  be reached .

O ne im p o rta n t LTL verification  p rob lem  is th e  in v a rian t verification  problem  which 

asks, given a  m odule P  an d  a  p red ica te  p  €  ' P ( X p ) .  w h e th e r P  satisfies the  LTL form ula n p .

It can  be solved w ith  th e  reach ab ility  p re d ic a te  by checking  if  th e  im p lica tion  Reach (P)  — p  

is valid.

Theorem  2.2 [AH98] The invariant  verification problem f o r  modules is P S  PACE-complete.

2.2 .3  S in g le -step  vs. m u lti-s tep  verifica tion

C onsider a  m odu le  P  an d  an  LTL fo rm ula  p  over X p .  We deno te  by R ( P . p )  th e  

p red ica te  defin ing  th e  s ta te s  o f P  th a t  sa tisfy  (p. T h a t  is. for an y  s ta te  s €  S p .  we have 

P. s p  iff R P ( p ) { s l  If p  =  O ip. w here ip €  V ( X p ) .  th e n  R ( P . p )  can  be com pu ted  by th e  

form ula

Prep{ iv) =  3(A 'p) . ( r  A w').

T h e  p red ica te  Prep{tp)  is called  th e  predecessor  p red ica te , w hich defines th e  set of s ta te s  

th a t  can  reach a  c - s ta te  in ex ac tly  one s tep . We call th is  th e  one-step  verification problem.  

All o th e r  LTL verification  p rob lem s can  be solved by i te ra tin g , in an  ap p ro p ria te  m anner, 

th e  so lu tio n s to  th e  th e  one-step  verification  p rob lem s [E.19L]. We call th em  th e  mult i-s tep  

verification  p rob lem s. For exam ple , if p  =  w here m €  V ( X p ) .  th en  A lgorithm  2.2 

co m p u tes  th e  p red ica te  R ( P . p ) :

A lgorithm  2.2
Input: M odule P  a n d  p red ica te  tv.
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Output: P red ica te  R ( P .  nip)  over X p .

Initialization: Let Uq =  ip.

Repeat: For k  > 0. let

Uk+i =  Uk A Prep(Uk)-

Until: Uk+1 =  Uk .

Return: Uk -

A lgorithm  2.2 co m p u tes  successively com putes th e  sequence U q . U i . . . .  of stro n g er p red ­

icates: a t th e  A:-th ite ra tio n , p red ica te  Uk defines th e  s ta te s  th a t  can  s tay  in th e  set of 

ip-s ta te s  in a t  least k  s tep s . R (P .  <p) is therefore th e  co n ju n c tio n  o f Uk . for all k  >  0. At th e  

core o f th e  A lgorithm  2.2 is th e  ite ra tio n  of th e  predecessor p red ica te  Prep(ip).  All o th e r 

LTL form ulas can also be co m p u ted  in a  s im ilar fashion.

2.3 Controllability

We consider p ro p e rtie s  o f open  system s w hich in te ra c ts  w ith  its env ironm ent. An 

env ironment  for a  m odule  P  is a  non-blocking m odule  E  com posab le  w ith  P.  We can view 

th e  in te rac tio n  betw een a  m odule  P  an d  its en v iro n m en t as a  gam e. At each ro u n d  of the  

gam e, th e  m odule  P  chooses th e  nex t values for o u tp u t  variab les O p .  w hile th e  env ironm ent 

chooses th e  next values for th e  in p u t variables Ip .  T h e  gam e th en  con tinues ad inf ini tum.  

A key p ro p e rty  o f o p en  sy stem s is th e  notion o f co n tro llab ility : given an  LTL specification  

■p. we say th a t  a  s ta te  s o f P  is controllable w ith  respect to  p  if th e  env ironm en t can  ensure 

th a t all traces  from  .s sa tis fy  p .  For M oore m odules, th e  above defin ition  can  be form alized 

using th e  n o tio n  o f strategy.  A m odule s tra teg y  ~ for P  is a  m ap p in g  rr : S p  •—> States  (O p)

th a t  m aps each fin ite sequence .so..st  s k o f m odu le  s ta te s  in to  a  s ta te  rr(.s0. -si *k)

such th a t  rp[.sjtU 7r '(so . S[ -Sjt)|- Sim ilarly, an  en v iro n m en t s tra te g y  g for P  is a  m app ing

g : S p  States  ( Ip )  th a t  m aps each finite sequence o f m odu le  s ta te s  in to  a  s ta te  specifying 

th e  next values o f th e  in p u t variables. G iven two s ta te s  .sq an d  .so over two d isjo in t sets 

o f variables A i an d  X->. we d en o te  by .S[ M s> th e  s ta te  over A'i U A’_> th a t  agrees w ith  

s i  an d  .so over th e  com m on  variables. W ith  th is  n o ta tio n , for all .s €  S p  an d  all m odule 

s tra teg ies  rr an d  en v iro n m en t s tra teg ie s  g. we define Outcom e(s .  t t .  g )  G S p  to  be th e  trace

s q .s i . s o  defined by so =  s an d  by Sfc^i =  - ( . s q .s i  s k ) g(.SQ.S\ s*). G iven an

LTL fo rm ula tp over A 'p. th e  LTL con tro l p rob lem  for P  w ith  respect to  p  a t a  s ta te  s G S p
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asks if th e re  is an  en v iro n m en t s tra teg y  q such  th a t ,  for every  m odu le  s tra te g y  n.  we have 

tp[Outcome({>. t t .  77)J . If so. th en  we say th a t a  s ta te  s  £  S p  is controllable with respect to 

ip.  VVe let th e  controllable predicate C t r ( P . p )  be th e  p red ica te  over X p  defin ing  the  set o f 

s ta te s  o f P  co n tro llab le  w ith  resp ec t to p.

Theorem  2.3 [PR89a, AH98] The L TL  control problem f o r  modules is 2 E X P T I M E -  

complete.

Unlike verification , th e  LTL co n tro l p rob lem  is easie r if th e  LTL spec ification  is re s tr ic ted  

to  invarian ts .

Theorem  2.4 [AH98] The invariant control problem f o r  modules  is EX PT I .ME-complete .

G iven a  m odu le  P.  a  s ta te  .s of P  an d  an  LTL fo rm ula  p  over X p .  we call th e  

LTL con tro l p ro b lem  for P  w .r.t. p  a t  .s th e  one-step control problem  if p  = Ow  for som e 

\p €  P (X p ): o th erw ise  it is called  th e  multi -step control problem.  We let th e  controllable 

predecessor CPrep(ti ' )  be th e  p red ica te  over X p  defin ing  th e  se t o f  s ta te s  o f P  co n tro llab le  

w ith  re sp ec t to  Oil). All m u lti-s tep  LTL con tro l p rob lem s can  be  solved by rep ea ted ly  

solv ing th e  a p p ro p r ia te  one-step  con tro l problem s. For exam ple , for th e  in v arian t specifi­

ca tio n  p  = nth.  w here ip 6  P ( X p )  th e  following s ta n d a rd  a lg o rith m  re tu rn s  th e  p red ica te  

C t r ( P . p )  [T W 6 8 . Bee80. RYV87]:

Algorithm  2.3
Input: M odule P  a n d  p red ica te  <p.

Output: P red ica te  C t r ( P .a i p )  over A’p .

Initialization: Let Co =  >P.

Repeat: For k  > 0 . let

L fcj-i =  Ck A CPrep{L  t ).

Until: C't î = CV 

Return: L \ - .

A lg o rith m  2.3 co m p u tes  a  sequence Co. C't. U >-- - - o f  increasing ly  s tro n g  p red ica tes. For 

k  >  0 . p red ica te  Cjt defines th e  s ta te s  from  w hich it is possib le  to  co n tro l P  to  sa tisfy  

p red ica te  p  for a t  least k  +  1 s teps: a t  each ite ra tio n  k  >  0. A lg o rith m  2.3 lets Uk+i define 

th e  se t o f s ta te s  from  w hich th e  env iro n m en t can  co n tro l P  by en su rin g  th a t  th e  p red ica te  

C't is satisfied  in  th e  successor s ta te .
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If  th e  en v iro n m en t o f P  is a  M oore m odule, th en  it m ust dec ide th e  nex t value for 

the  in p u t variab les before it can  o bserve th e  nex t value o f th e  o u tp u t  variab les. Hence, to  

define th e  co n tro llab le  p redecessor CPrep(p) .  th en  th e  en v iro n m en t m ust "play  first. " th a t  

is.

CPrep(tp)  =  3{0 'P ) .y ( I 'p )  . ( r p  ip)

T h e  con tro llab le  p red ica te  Ctr( P .  p )  can  also be  co m p u ted  by co m p lem en tin g  th e  uncontrol ­

lable predicate UC tr (P .  p )  w hich defines th e  se t o f uncontrollable states,  th a t  is. th o se  s ta te s  

th a t  a re  not controllable with respect to p .  T h e  co m p u ta tio n  o f U C tr (P .  p )  involves i te ra t­

ing th e  uncontrollable predecessor UPrep{H>) for a  p red ica te  iv €  'P (.Y p). B o th  UCtr(P.  p)  

an d  UPrep(tlj) a re  defined in C h a p te r  3.

For general m odules, a n d  in p a r tic u la r  for reactive modules  [AH99]. it is necessary 

to m odify th e  defin ition  o f th e  co n tro llab le  p red ica te  to  en ab le  th e  en v iro n m en t to  observe 

the  next value of som e o u tp u t variab les before choosing th e  nex t value o f th e  in p u t ones. 

M ore d e ta ils  can  be found in C h a p te r  5. N onethess. A lgorithm  2.3 rem ain s th e  sam e.
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Chapter 3

Early Error D etection

W ill you g reet your doom
As final: se t him  loaves a n d  w ine: know ing
T h e  gam e is fin ished w hen  he p lays his ace.
A nd o v ertu rn  th e  tab le  a n d  go in to  th e  nex t room ?

P h ilip  L ark in  (1922 I98(i)

3.1 Introduction

It has been  a rg u ed  re p ea ted ly  th a t  th e  m ain  benefit o f  form al m e th o d s  is falsif i­

cation.  no t verification: th a t  form al an a ly sis  can  only  d em o n s tra te  th e  presence o f erro rs , 

no t th e ir  absence. T h e  fu n d a m e n ta l reaso n  for th is  is. of course, th a t  m a th em a tic s  can  be 

ap p lied , inherently , only  to  an  a b s tra c t  form al m odel of a  co m p u tin g  sy stem , no t to  th e  

a c tu a l a r tifa c t. F u rth e rm o re , even  w hen a  form al m odel is verified, th e  successful verifica­

tion  a tte m p t is typ ically  p reced ed  by m an y  ite ra tio n s  o f unsuccessful verification  a t te m p ts  

followed by m odel revisions. T h erefo re , in p ractice , every form al m eth o d  a n d  too l is m uch 

m ore o ften  ap p lied  in s i tu a tio n s  w here th e  ou tcom e is failure (a co u n te rex am p le), ra th e r  

th a n  success (a co rrec tness p ro o f).

Yet m ost o p tim iza tio n s  in  form al m eth o d s and  tools a re  tu n ed  tow ards success. For 

exam ple , consider th e  use o f  B D D s a n d  s im ila r d a ta  s tru c tu re s  in m odel checking. B ecause 

o f th e ir  canonicity . B D D s a re  o ften  m ost effective in ap p lica tio n s  th a t  involve equivalence 

checking betw een com plex  b oo lean  func tions. Successful m odel checking is such  an  ap ­

p lication : w hen th e  set o f reach ab le  s ta te s  is co m p u ted  by ite ra tin g  im age co m p u ta tio n s , 

successful te rm in a tio n  is d e te c te d  by an  equivalence check (betw een  th e  new ly ex p lo red  an d
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th e  prev iously  explored  s ta te s ) . By co n tra s t, w hen m odel checking fails, a  coun terexam ple  

is d e tec ted  before th e  im age ite ra tio n  te rm in a te s , an d  o th e r  d a ta  s tru c tu re s , p erh ap s non- 

canon ical ones, m ay be m ore efficient [BCCZ99]. To po in t o u t a  second exam ple, m uch ink 

has been sp en t d iscussing  w h e th e r “forw ard" o r “backw ard" s ta te  ex p lo ra tio n  is preferab le 

(see. e.g.. [HKQ98]). If we ex p ec t to  find a  coun terexam ple , th en  th e  answ er seem s clear b u t 

ra re ly  p racticed : th e  s im u ltan eo u s , dove-ta iled  ite ra tio n  o f im ages an d  pre-im ages is likely 

to  find th e  co u n terex am p le  by looking a t  fewer s ta te s  th a n  e ith e r  u n id irec tio n al m eth o d . 

T h ird , in  com positiona l m eth o d s , th e  em phasis  is a lm ost invariab ly  on how to decom pose 

co rrec tn ess proofs (see. e.g .. [H Q R98]). not on how to find coun terexam ples by looking a t  

in d iv id u a l system  co m p o n en ts  in s tead  o f th e ir  p ro d u c t. In th is  work, we ad d ress  th is  th ird  

issue.

At first glance, it seem s th a t  on ly  th e  least in te re stin g  of e rro rs can  be  caugh t by 

looking a t  a  single co m p o n en t, as th e  m ore in te re stin g  erro rs typ ica lly  involve th e  in te rac ­

tio n  betw een m ultip le  co m p o n en ts . However, by p reco m p u tin g  in fo rm ation  ab o u t in d iv id ­

ual com ponen ts, we can  d e tec t e rro rs  th a t  involve m ultip le  com ponen ts ea rlie r an d  m ore 

efficiently th a n  would o th erw ise  b e  possible.

To exp lain  several fine p o in ts  ab o u t o u r m ethod , we need to  be m ore form al. Recall 

th e  defin ition  o f co n tro llab ility  o f  a  m odule P  in a  gam e betw een P  and  its env ironm ent: 

th e  moves o f P  consist in choosing  new values for th e  variab les o u tp u t  by P:  th e  moves o f 

th e  env ironm en t o f P  consist in choosing  new values for th e  in p u t variables o f P.  A s ta te  

.s o f P  is controllable, with respect to the invariant  n<p if th e  env ironm en t has a  s tra teg y  

th a t  ensu res th a t p  alw ays ho lds. Hence, if a  s ta te  .s is no t con tro llab le , we know th a t  

P  from  .s can  reach a  - v - s t a te .  regard less o f how th e  en v iro n m en t behaves. T h e  set C p  

o f co n tro llab le  s ta te s  o f P  can  b e  co m p u ted  itera tively , using th e  s ta n d a rd  a lg o rith m  for 

so lv ing  safety  gam es, w hich d iffers from  backw ard  reach ab ility  only  in  the  defin ition  o f th e  

p re-im age o p e ra to r. S ym m etrica lly , we can  co m p u te  th e  se t C q  o f con tro llab le  s ta te s  o f Q  

w .r .t. Dip. T h en , in s tead  o f checking  th a t  P \ \ Q  s tays w ith in  th e  invarian t D ^ . we check 

w h e th e r P  || Q  stays w ith in  th e  s tro n g e r  invarian t U ( C p  A C q ). As soon as P  || Q  reaches 

a  s ta te  s th a t  v io lates a  co n tro llab ility  p red ica te , say. C p .  by re trac in g  th e  co m p u ta tio n  o f 

C p .  tak in g  in to  account also Q.  we can  co n stru c t a  p a th  o f P  || Q  from  .s to  a s ta te  t th a t  

v io la tes  th e  specification  p.  T o g e th e r w ith  a p a th  from  an  in itia l s ta te  to  s. th is  provides a 

co u n te rex am p le  to  o p .  W hile  th e  e rro r occurs only  a t t. we d e tec t it a lread y  a t  .s. as soon 

as it can n o t be p reven ted . T h e  m e th o d  can  be  ex ten d ed  to  a rb itra ry  LTL requ irem en ts.
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T h e  no tion  o f co n tro llab ility  defined above is classical, b u t it is o ften  not s tro n g  

eno u g h  to  enab le  th e  early  d e tec tio n  o f erro rs . To u n d e rs ta n d  why. consider an  invarian t 

th a t  re la tes  a  variab le  x  in  m odule  P  w ith  a  variab le  y  in m odule  Q.  for exam ple  by 

req u irin g  th a t x  = y.  an d  assum e th a t  y  is an  in p u t variab le  to  P.  C onsider a  s ta te  .s. 

in  w hich  m odule P  is a b o u t to  change th e  value o f x  w ith o u t synchron iz ing  th is change 

w ith  Q.  In tu itively , it seem s obvious th a t  such a  change can  b reak  th e  invarian t, an d  

th a t  th e  s ta te  shou ld  no t be considered  co n tro llab le  (how can  Q  possib ly  know th a t  th is  is 

go ing to  h ap p en , an d  change th e  value o f y  co rresp o n d in g ly ?). However, accord ing  to  th e  

classical defin ition  o f con tro llab ility , th e  s ta te  s  is con tro llab le: in fact, th e  env iro n m en t 

has a  m ove (changing  th e  value of y  co rrespond ing ly ) to  con tro l P.  T h is  exam ple in d ica tes 

th a t  in o rd e r to  o b ta in  s tro n g er (and  m ore effective) no tions o f con tro llab ility , we need to 

co m p u te  th e  set of co n tro llab le  s ta te s  by tak in g  in to  accoun t th e  real cap ab ilities  of th e  o th e r 

m odules com posing  th e  system . We in tro d u ce  th ree  such s tro n g er no tions o f con tro llab ility : 

co n s tra in e d , lazy, an d  b o u n d ed  con tro llab ility . O u r ex p e rim en ta l re su lts  d e m o n s tra te  th a t  

th e re  is a  d is tin c t ad v an tag e  in using these  s tro n g er no tions o f  con tro llab ility .

Lazy controllability can  be ap p lied  to  system s in w hich all th e  m odules a re  lazy. 

i.e.. if th e  m odules alw ays have the  o p tio n  o f leaving unchanged  th e  values o f th e ir o u tp u t 

variab les [AH99]. T h u s, laziness m odels th e  assu m p tio n  o f speed  independence, an d  is used 

heavily  in th e  m odeling  o f asynchronous system s. If th e  en v iro n m en t is lazy, then  th e re  

is no way o f p reven ting  th e  env ironm en t from  alw ays choosing its " s tu tte r"  move. Hence, 

we can  s tren g th en  th e  defin ition  o f co n tro llab ility  by req u irin g  th a t  th e  s tu t te r  s tra te g y  

o f th e  env iro n m en t, ra th e r  th a n  an  a rb itra ry  s tra teg y , m ust be ab le  to  contro l. In  th e  

above exam ple , th e  s ta te  s  o f m odule P  is c learly  no t lazily controllable,  since a  change of 

x  c an n o t be con tro lled  by leaving y  unchanged . Constrained controllability  is a  n o tio n  of 

co n tro llab ility  th a t  can  b e  used  also w hen th e  sy stem  is no t lazy. C o n stra in ed  co n tro llab ility  

takes in to  accoun t, in co m p u tin g  th e  se ts  o f  co n tro llab le  s ta te s , w hich moves a re  possib le  for 

th e  env ironm en t. To co m p u te  the  set o f constrainedly controllable states  o f a  m odule P .  we 

co n s tru c t a  tran s itio n  re la tio n  th a t co n stra in s  th e  moves o f th e  env iro n m en t. T h is  is done 

by au to m a tica lly  a b s tra c tin g  away from  th e  tra n s itio n  re la tions o f th e  o th e r  m odules th e  

variab les th a t a re  no t sh a red  by P .  We th en  define th e  con tro llab le  s ta te s  by considering  

a  gam e betw een P  an d  a  so  co n stra in ed  en v iro n m en t. F inally , bounded controllability  is a 

n o tio n  th a t  can ag a in  be ap p lied  to  any  sy stem , an d  it generalizes b o th  lazy an d  co n stra in ed  

con tro llab ility . It considers env iro n m en ts th a t  have b o th  a  set o f unavoidable moves  (such  as
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th e  lazy m ove for lazy sy stem s), an d  possible mo ves  (by considering  c o n s tra in ts  to  th e  moves, 

s im ilarly  to  co n s tra in e d  co n tro llab ility ) . VVe also in tro d u ce  a  techn ique  called  iterative 

strengthening,  w hich can  be used to  s tre n g th e n  any o f these  no tions o f con tro llab ility . In 

essence, it is b ased  on th e  idea th a t  a  m odu le , in o rd er to  con tro l a n o th e r  m odu le , can n o t 

use a  move th a t  w ould cause  it to  leave its ow n set o f con tro llab le  s ta te s .

W e d e m o n s tra te  th e  efficiency o f th e  m eth o d s w ith  two exam ples, a  d is tr ib u te d  

d a ta b a se  p ro to co l a n d  a  w ireless co m m u n ica tio n  pro tocol. In th e  first exam ple , th e re  are  

two sites  th a t  can  sell an d  buy  back sea ts  on  th e  sam e a irp lan e  [BGM 92]. T h e  p ro tocol 

aim s a t  e n su rin g  th a t  no m ore sea ts  a re  sold  th a n  th e  to ta l availab le , w hile en ab lin g  th e  

two sites to  exchange unso ld  sea ts , in case one s ite  w ishes to  sell m ore sea ts  th a n  in itia lly  

a llo tted . T h e  second ex am p le  is from  th e  Two-Chip  Intercom  (T C I) p ro jec t o f th e  Berkeley 

W ireless R esearch  C en te r [Cen. SdS.JB ~00. dS.JSB 'OO], T h e  T C I netw ork  is a  w ireless local 

netw ork  w hich  allow s ap p ro x im a te ly  40 rem otes, one for each user, to  tra n sm it voice w ith  

p o in t-to -p o in t an d  b ro ad cas t co m m u n ica tio n . T h e  o p e ra tio n  of th e  netw ork  is co o rd in a ted  

by a  base  s ta tio n , w hich assigns channels  to  th e  users th ro u g h  a  T D M A  schem e. In b o th  

exam ples, we first found erro rs  th a t  o ccu rred  in our in itia l fo rm ulation  o f th e  m odels, an d  

th en  seeded  bugs a t  ran d o m . O u r m e th o d s  succeeded in reducing  th e  n u m b er o f g lobal im age 

co m p u ta tio n  s tep s  req u ired  for find ing  th e  e rro rs , o ften  reducing  th e  m ax im u m  n um ber of 

BD D  nodes used  in  th e  verification  process. T h e  m eth o d s are  p a rtic u la rly  effective when th e  

B D D s rep resen tin g  th e  co n tro llab le  s ta te s  a re  sm all in com parison  to  th e  BD D  rep resen tin g  

th e  se t o f re ach ab le  s ta te s .

It is w o rth  n o tin g  th a t  th e  technq iues developed in th is ch a p te r  can  also  be used in 

an  in form al verification  env ironm en t: a f te r  co m p u tin g  th e  u n co n tro llab ility  s ta te s  for each 

o f th e  co m p o n en ts , one can  s imulute  th e  design  an d  check if any  o f these  unco n tro llab le  

s ta te s  can  be reached . T h is  is s im ila r to  th e  techniques retrograde analysis  [YSAA97], or 

target enlargement  [YD98] in s im u la tio n . T h e  m ain  idea o f re tro g rad e  an a ly sis  an d  ta rg e t 

en larg em en t is th a t  th e  se t o f s ta te s  th a t  v io la te  th e  invarian ts are  “en larged" w ith  th e ir 

pre im ages, an d  hence th e  chances o f  h it tin g  th is  en larged  set is increased . O u r techniques 

not on ly  a d d  m o d u la rity  in th e  co m p u ta tio n  o f ta rg e t en largem en . th ey  also  allow  one to 

d e tec t th e  v io la tio n  o f  l iveness  p ro p e rtie s  th ro u g h  sim u la tion .

T h e  a lg o rith m ic  con tro l o f  reactive  system s has been s tu d ied  ex tensive ly  before 

(see. e.g .. [RW 89. E.I91. T ho95]). However, th e  use o f co n tro llab ility  in  a u to m a tic  verifica­

tion  is re la tiv e ly  new  (see. e.g.. [KV96. A H K 97]). T h e  work closest to  o u rs is [ASSSV94],
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w here tra n s itio n  system s for co m p o n en ts  are  m inim ized  by tak in g  in to  accoun t if a  s ta te  

satisfies o r v io la tes a  given C T L  p ro p e rty  u n d e r a ll en v iro n m en ts . In  [Dil89]. au to fa ilu re  

ca p tu res  th e  concep t th a t  no en v iro n m en t can  p reven t fa ilure an d  is used to  com pare  th e  

equivalence o f asynchronous circu its.

3.2 Early D etection  of Invariant V iolation

3.2 .1  Forward and backw ard s ta te  ex p lo ra tio n

G iven a  m odule R  an d  a  p red ica te  ^  over X u .  th e  p rob lem  o f invarian t verification 

consists in checking w h eth er R  f= d^r. We can  solve th is  p rob lem  using  classic forw ard or 

backw ard  s ta te  exp lo ra tion . Forw ard ex p lo ra tio n  s ta r ts  w ith  th e  se t o f in itia l s ta te s  o f R.  

an d  ite ra te s  a  post-im age co m p u ta tio n , te rm in a tin g  w hen a  s ta te  sa tisfy in g  has been 

reached, o r w hen th e  set o f reachab le s ta te s  o f R  has been  co m p u ted . In th e  first case we 

conclude R  CV: in th e  second. R  |= D ^ . Hence, th e  a lg o rith m  given in Section  2.2.2 is 

an  exam ple  o f forw ard exp lo ra tio n . B ackw ard  ex p lo ra tio n  s ta r ts  w ith  th e  set ~ v  o f s ta te s  

v io la tin g  th e  invarian t, an d  ite ra te s  a  pre-im age co m p u ta tio n , te rm in a tin g  w hen a  s ta te  

sa tisfy in g  In i tR  has been reached, o r w hen th e  set o f all s ta te s  th a t  can  reach  ~ v  has been 

co m p u ted . A gain, in the  first case we conclude R  d y  an d  in th e  second R  j= d y .  Hence, 

th e  a lg o rith m  given in Section 2.2.3 can  b e  seen as an  ex am p le  o f backw ard  exp lo ra tio n . If 

th e  answ er to  th e  invarian t verification q u estio n  is negative, these  a lg o rith m s can  also con­

s tru c t a  coun terexam ple  .s0  ,sm o f m in im al len g th  lead ing  from  -s0 r= In i tR  to  .srn |= ^ y .

an d  such  th a t  for 0 <  i < rri we have trJ -s , U If o u r aim  is to  find coun terexam ples

quickly, a n  a lg o rith m  th a t  a lte rn a te s  forw ard  an d  backw ard  reach ab ility  is likely to  explore 

fewer s ta te s  th a n  th e  two u n id irec tio n a l a lg o rith m s. T h e  a lg o rith m  a lte rn a te s  post-im age 

co m p u ta tio n s  s ta r tin g  from  In i tR  w ith  p re-im age co m p u ta tio n s  s ta r t in g  from  ~ v . te rm i­

n a tin g  as soon  as th e  post an d  pre-im ages in te rsec t, o r as soon as a  fixpoin t is reached. 

We d en o te  any  o f these th ree  a lg o rith m s (or v aria tio n s th ereo f) by In v C h e ck ( R .  ^ ) .  We 

assum e th a t  InvCheck(R.-p)  re tu rn s  answ er Y e s  o r  N o . d ep en d in g  on  w h e th e r R  \= d ^  or 

R  ^  ds?. a long  w ith  a coun terexam ple  in  th e  la t te r  case.
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3 .2 .2  C o n tro lla b ility  and early  error d e te c tio n

G iven n > I m odules P\ .P>  Pn an d  a  p red ica te  p  6  7^(UT= i - V )- th e  m o d u la r

version o f th e  invarian t verification  p ro b lem  co n sists  in  checking w h e th e r P i || • • - || P n N  

O p.  We can  use th e  n o tio n  o f co n tro llab ility  to  try  to  d e tec t a  v io la tion  o f th e  invarian t 

p  in fewer ite ra tio n s  o f post o r p re-im age co m p u ta tio n  th a n  th e  forw ard an d  backw ard  

ex p lo ra tio n  a lg o rith m s describ ed  above. T h e  idea is to  p re -co m p u te  th e  s ta te s  o f each

m odule  P \  P n th a t  a re  co n tro llab le  w .r.t. o p .  We can  th en  d e tec t a  v io la tio n  o f the

invarian t as soon  as we reach a  s ta te  s th a t  is no t co n tro llab le  for som e o f th e  m odules, 

ra th e r  th a n  w aiting  u n til we reach  a  s ta te  ac tu a lly  sa tisfy in g  ->p. In fact, we know th a t  

from  .s th e re  is a  p a th  lead ing  to  -up in th e  g lobal system : for th is  reason , if a  s ta te  is not 

co n tro llab le  for som e o f th e  m odules, we say th a t  th e  s ta te  is doomed.

To im plem ent th is  idea, let R  =  Pi || • • • || P„. an d  for I <  i < n.  let abs , (p)  = 

3 (X f t  \  X p ,) . p  be an  ap p ro x im a tio n  o f p  th a t  involves on ly  th e  variab les o f P,: no te  th a t 

p  —» abst (p) .  For each 1 <  i < n.  we can  co m p u te  th e  set Ct.r{Pl . n a b s l{p))  o f con tro llab le  

s ta te s  o f P, w .r.t. Oabs t (p)  using a  classical a lg o rith m  for safety  gam es. For a  m o d u le  P . the  

a lg o rith m  uses th e  uncontrollable predecessor operator i 'P rep : 'P ( X p )  •—> 'P ( X p ) .  defined 

by

U P r c p ( X )  = vr'p . 3O p  . ( rp  A A") .

T h e  p red ica te  U P r e p ( X )  defines th e  se t o f s ta te s  from  which, regard less o f th e  move o f th e  

en v iro n m en t, th e  m odule P  can  resolve its in te rn a l n o n d e te rm in ism  to m ake .V tru e . N ote 

th a t  a  q u an tifie r sw itch  is requ ired  to  to  co m p u te  th e  u n con tro llab le  predecessors, as opposed  

to  th e  co m p u ta tio n s  o f p re-im ages an d  post-im ages, w here on ly  ex is ten tia l q u an tifica tio n  is 

requ ired . For a  m odule P  an d  an  invarian t O p.  we can  co m p u te  th e  set Ctr (P.  n p )  o f con­

tro llab le  s ta te s  o f P  w ith  respec t to  Dyj. by negating  th e  set UCtr (P.  n p )  o f uncontrollable  

states,  which can  be co m p u ted  using  th e  following a lgo rithm :

A l g o r i t h m  3 .1

I n p u t :  M odule P  an d  p red ica te  p  over X p .

O u t p u t :  P red ica te  U C t r ( P . O p ) .

I n i t i a l i z a t i o n :  Let Uo = ~<p.

R e p e a t :  For A: >  0. let Uk+i = V CP re p  ( )

U n t i l :  Uk~\  =  Uk- 

R e t u r n :  Uk .
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For k  >  0 th e  set Uk co n sis ts  o f th e  s ta te s  from  w hich th e  env ironm en t can n o t p reven t 

m odu le  P  from  reach ing  ->p in a t  m ost k  s tep s . N ote th a t  for a ll 1 <  i <  ri. th e  co m p u ta tio n  

o f C t r ( P i . n a b s i ( p ) )  is c a rr ie d  o u t on  th e  s ta te  space o f m o d u le  P ,. ra th e r  th a n  on th e  

(larger) s ta te  sp ace  o f th e  co m p le te  system . We can  th en  solve the  invarian t checking 

p rob lem  P\ || • • • || P„ n p  by  execu ting
n

[nuCheck(^Pi \\  ■■■ || Pn . p  A C t r ( P t . n a b s t (p))^J . (3.1)
1 = 0

It is necessary  to  con jo in  p  to  th e  se t o f co n tro llab le  s ta te s  in  th e  above check, because  

for L <  i < n. p re d ic a te  abst (p)  (and  thus, possibly. C t r ( P t . Oabst {p)) )  m ay be w eaker 

th a n  p .  If check (3.1) re tu rn s  answ er Y e s . th en  we have im m ed ia te ly  th a t  P i || • • • || P n ^  

U p.  If th e  check re tu rn s  answ er N o . we can  conclude th a t  Pi || ••• || Pn ^  Op.  In th is

la tte r  case, the  check (3.1) a lso  re tu rn s  a  p a r tia l co u n te rex am p le  .so. i  s m . w ith  s m f t

C t r ( P j . n p j )  for som e I < j  < n.  If.sm [= ->p. th is  co u n te rex am p le  is also a  coun terexam ple

to  n p .  O therw ise , to  o b ta in  a  co u n terex am p le  .so  s[ri, r w ith  .sm* r ^  p.

we proceed  as follows. Let Uq. U \  b \  be th e  p red ica tes  co m p u ted  by A lgorithm  3.1

d u rin g  th e  co m p u ta tio n  o f C t r ( P j . n p j ) :  no te  th a t  s m f= L\-. For I > 0 . given .sm_^_[. we 

pick .smT( such th a t  s m+i )= Uk- i  an d  (.sm+;_[ U N  AT=i TP,- T h e  process te rm in a tes

as soon  as we reach  a n  I such  th a t  s m.v/ ->p\ s ince th e  im p lica tio n  Uq —*■ ~ v  holds, th is  

w ill o ccu r in a t  m ost k  s tep s . In th e  a c tu a l im p lem en ta tio n , th e  s ta te  . s i s  o b ta in ed  by 

a  gam e played betw een m o d u le  Pi an d  th e  team  com p risin g  m odules P,. for i p  j .  D uring  

ro u n d  0 <  I < k.  th e  s ta te  s mu-i is o b ta in ed  from  in two steps: F irs t, an  ev a lu a tio n

t 6  5<ate.s(|J”_ 1 A'p, \ O p  ) is chosen such  th a t  ( s m^ i _ l U t r) r p  for even- I <  i < n. i ^  j .  

Second, an  ev a lu a tio n  a €  Sta tes  {Op.  is chosen in such  a  way th a t  (>•„,_/_[ U u') ^  Tpj an d  

t 1X1 u }= Uk-i-  T h e n  we have s mJri =  ( M u.

3.3 Lazy and Constrained Controllability

In th e  p rev ious sec tio n , we have used th e  n o tio n  o f  co n tro llab ility  to  co m p u te  se ts  

o f doomed states,  from  w hich we know th a t  th e re  is a  p a th  v io la tin g  th e  invarian t. In  o rd e r 

to  d e tec t e rro rs  early , we sh o u ld  co m p u te  th e  largest possib le  se ts  o f doom ed  s ta te s . To 

th is  en d . we in tro d u ce  two no tio n s o f co n tro llab ility  th a t  can  b e  s tro n g er th a n  th e  classical 

defin ition  o f th e  p rev ious sec tion . T h e  first n o tion , lazy controllability,  can  be ap p lied  to  

sy stem s th a t  a re  com posed  o n ly  o f  lazy modules,  i.e. o f  m odules th a t need not react to
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th e ir  in p u ts . Several com m unication  p ro toco ls can  be m odeled  as th e  com position  o f lazy 

m odules. T h e  second  no tion , constrained controllability,  can  be app lied  to any  system .

3 .3 .1  L azy co n tro lla b ility

A m o d u le  is lazy if it alw ays has th e  o p tio n  o f leaving its o u tp u t variab les u n ­

changed . Form ally, a  m odule P  is lazy if we have (s U s') j= rp  for every s ta te  s over X p .  

If all th e  m odules com posing  th e  system  are  lazy, th en  we can  re-exam ine th e  n o tio n  of 

co n tro llab ility  d esc rib ed  in Section  3.2 to  tak e  in to  acco u n t th is  fact. Precisely, we defined 

a  s ta te  to  be  co n tro llab le  w .r.t. an  LTL p ro p e rty  p  if th e re  is a  s tra teg y  for th e  en v iro n ­

m en t to  en su re  th a t  th e  re su ltin g  trace  satisfies p .  regard less o f th e  s tra teg y  used by th e  

system . B u t if th e  en v iro n m en t is lazy, we m ust alw ays accoun t for th e  possib ility  th a t  th e  

en v iro n m en t plays acco rd in g  to  its lazy strateyy.  in w hich th e  values o f the in p u t variab les 

o f th e  m odu le  never change. Hence, if all m odu les tire kizy. th ere  is a second co n d itio n  

th a t  has to  be  satisfied  for a  s ta te  to  be con tro llab le : for every  s tra teg y  of th e  m odule, th e  

lazy en v iro n m en t s tra te g y  shou ld  lead to  a  trace  th a t  satisfies p.  It is easy  to see. however, 

th a t  th is  second  co n d itio n  for co n tro llab ility  su b su m es th e  first. We can  sum m arize  these 

co n sid era tio n s w ith  th e  following defin ition . For 1 <  i <  n.  d en o te  by r f  th e  lazy envi­

ro n m en t s tra te g y  o f m odu le  Pt. w hich leaves th e  values o f  th e  in p u t variables o f P, alw ays 

unchanged . We say th a t  a  s ta te  s  6  Sp, is lazily controllable with respect to a L T L  fo rm ula  

ip iff. for every  m odu le  s tra te g y  t t .  we have O u t c o m e ( s . n\ r f  ) p.  We let L C t r ( P .  p)  be 

th e  p red ica te  over X p  defin ing  th e  set o f s ta te s  o f  P  th a t  a re  lazily con tro llab le  w ith  resp ect 

to  p.

We can  co m p u te  for th e  invarian t U p  th e  p red ica te  L C t r ( P .  n p )  by rep lacing  th e  

o p e ra to r  UPre in A lgorithm  3.1 w ith  the  o p e ra to r  L U P re  : V ( X p )  — V ( X p ) .  th e  lazily 

uncontrollable predecessor operator,  defined by:

L U P r e p ( X )  =  3O ’p  . ( r P A A " )[ /P / / ^ ]  .

w here ( rp  A X ' ) [ I p / I ' p \ is o b ta in ed  from  r p  A A'' by rep lacing  each variab le  x '  €  I'P 

w ith  x  6  I p .  N ote th a t  L U P r e p X  com pu tes a  su p e rse t o f U P r e p X .  an d  there fo re  th e  

se t L C t r ( P . O p )  o f  lazily  con tro llab le  s ta te s  is alw ays a  su b se t o f th e  con tro llab le  s ta te s  

Ctr( P.  Dy?).

G iven  n  >  1 lazy m odules P i - P j  P„ an d  a  p red ica te  p  6  P (U ;= i  A 'p ,)• let

R  =  Pi || - -- || Pn- a n d  for all 1 <  i < n. We can  check w h e th e r Pi || - - • || P n |=  □  p  by
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execu ting  In v C h eck ( R .  A L C t r ( P t . D a ta , (<£>))). If th is  check re tu rn s  answ er N o . we

can  co n s tru c t a  co u n te rex am p le  to  □  <p as in S ection  3.2.

3 .3 .2  C on stra in ed  co n tro lla b ility

C o n sid er again  n  >  I m odules P i . P i  Pn • to g e th e r w ith  a  p red icate  g? G

V ( { j : =l A 'p,). In S ection  3.2. we defined a  s ta te  to  b e  co n tro llab le  if it can  be contro lled  by 

an  u n co n stra in ed  en v iro n m en t, which can u p d a te  th e  in p u t variab les of th e  m odule in an  

a rb itra ry  way. However, in  th e  system  u n d er co n sid era tio n , th e  en v iro n m en t of a  m odule 

P, is Q t =  P[ || • - • || P ,_ i || P,.i_i || • • • || P„. for I <  i < n.  T h is  env ironm en t canno t u p d a te  

th e  in p u t variab les o f P, in an  a rb itra ry  way. b u t is co n s tra in e d  in do ing  so by th e  tr a n ­

s itio n  p red ica tes  o f m odules Pj .  for I <  j  <  n.  j  ^  i. If we co m p u te  th e  con tro llab ility  

p red ica te  w ith  respect to  th e  m ost general en v iro n m en t in s tead  o f Q t. we are g iving to 

th e  en v iro n m en t in charge o f contro lling  P, m ore freedom  th a n  it really  has. To m odel 

th is  re s tr ic tio n , we can  consider gam es in which th e  en v iro n m en t o f P, is co n stra in ed  by a 

t ra n s itio n  p red ica te  over A'p, U I'p th a t  over-ap p ro x im ates tin* tran s itio n  p red ica te  o f Q t. 

We rely on an  o v er-ap p ro x im atio n  to  avoid m en tio n in g  all th e  variab les in (J"=t -^"/V s hice 

th is  w ould en larg e  th e  s ta te  space on which th e  co n tro llab ility  p red ica te  is com pu ted .

T h ese  co n sid era tio n s  m otiva te  th e  follow ing defin itions. C onsider a  m odule P  

to g e th e r w ith  a  tra n s itio n  p red ica te  H  over A 'p U I'p. An H-constrained,  strategy for the

env ironm en t o f P  is a  s tra tegy ’ q : S p  •-+ S t a t e s ( Ip )  such  th a t ,  for all s'o-.si sf. €  S p .

we have (.S fcU r/fso .si s O )  f= H .  G iven an  LTL form ula ^  over A 'p. we say th a t  a  s ta te

•s €  S P  is H-controllable  if th e re  is an  / /-c o n s tra in e d  en v iro n m en t s tra te g y  r/ such th a t , 

for every m odule  s tra te g y  rr. we have Outcome.(s.  x .  q) |= We let CCtr(P.  ((H))<p) be the  

p red ica te  over A'p defin ing  th e  set of / /-c o n tro lla b le  s ta te s  o f P  w .r.t. ^ . l For invarian t 

p ro p e rtie s , th e  p red ica te  CCtr(P.{{H))G<p) can be co m p u ted  by rep lacing  in A lgorithm  3.1 

th e  o p e ra to r  UPre w ith  th e  o p e ra to r  CUPrep[H\  : V ( X ’p)  >-> V ( X p ) .  defined by:

C U P r e p [ H \ ( X )  =  ' il 'p . ( / / - >  dO'p . ( r P A A")) .

W hen  H  - t rue.  C U P r e p [ H \ ( X )  =  U P rep (X ) :  for all o th e r  s tro n g er p red ica tes H .  th e  H -  

u n co n tro llab le  p redecessor o p e ra to r  C U P r ep [ H ] (X )  will be a  su p e rse t o f UPr e p ( X) .  an d

‘IF E h is a m odule com posable w ith P  having transition  relation H . the predicate CCtr(P. ((W)) r-) defines 
exactly the  sam e set of sta tes as the  ATL formula {(E))O-p in terpreted  over P  || E h [AHK97].
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therefo re  th e  se t CCtr(P.  ((H))<f) o f  ^ -c o n tro lla b le  s ta te s  will be a  su b se t o f  th e  con tro llab le  

s ta te s  Ctr( P .n ^p ) .

G iven a  sy stem  R  =  P i | |A | |  . . .  | |P ri a n d  a  p red ica te  ip  £  V { . \ 'p ) .  for I < i < n we

let

H '  =  AJ€{1 n}v{lj3V' . 3 r ; . r Pj

w here Yj = X p j \  A'p, • T h e n  we can  check w h e th e r R  f= by ex ecu tin g  Inv Che ck (R.  A 

A"=i C C tr (P t . (( //,))D u 6 .s,(s^)))- I f  th is  check re tu rn s  answ er N o . we can  co n stru c t a  coun­

te rex am p le  p roceed ing  as in S ection  3.2.

3.4 E xperim ents

We applied our m ethods for early error detection  to two exam ples: a distributed  

database protocol and a wireless com m unication protocol. We im plem ented all algorithms 

on top o f  the model checker M o c h a  [AH M ~98]. which relies on the BDD package and 

image com putation  engine provided by VIS [BHSY~96j.

3 .4 .1  D em a rca tio n  p ro to co l

T h e  demarcation protocol  is a  d is tr ib u te d  p ro toco l for m ain ta in in g  num erical 

c o n s tra in ts  betw een d is tr ib u te d  copies o f a  d a ta b a se  [BGM 92]. We considered  an  in stance 

o f th e  p ro toco l th a t  m anages tw o s ites  th a t  sell an d  b uy  back sea ts  on th e  sam e airp lane: 

each site  is m odeled  by a  m odule. In o rd e r to  m inim ize co m m u n ica tio n , each s ite  m ain ta in s  

a  demarcation  variab le  in d ica tin g  th e  m axim um  n u m b er o f sea ts  it can  sell au tonom ously : 

if th e  s ite  w ishes to  sell m ore sea ts  th a n  th is  lim it, it en te rs  a  n eg o tia tio n  phase w ith  th e  

o th e r  s ite . T h e  invarian t s ta te s  th a t  th e  to ta l  num ber o f  sea ts  sold  is alw ays less th an  th e  

to ta l  available .

In  o rd e r to  e s tim a te  th e  sen s itiv ity  o f o u r m eth o d s to  differences in m odeling sty le, 

we w ro te  th ree  m odels o f th e  d em arca tio n  p ro tocol: th e  m odels differ in m inor deta ils , such 

as th e  m ax im um  n u m b er o f  sea ts  th a t  can  be sold o r  b ough t in a  sing le  tran sa c tio n , o r th e  

im p lem en ta tio n  o f th e  co m m u n ica tio n  channels . In all m odels, each  o f the  two m odules 

con tro ls over 2 0  variab les, a n d  has 8 - 1 0  in p u t variables: th e  d ia m e te r  o f th e  set o f reachable 

s ta te s  is betw een  80 an d  120. We p resen t th e  n u m b er o f ite ra tio n s  requ ired  for finding 

e rro rs  in th e  th ree  m odels u sing  th e  various no tions o f co n tro llab ility  in T ab le  3.1. Som e o f
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E rro r L C R G
e l 19 19 19 24
e‘2 31 31 31 36
e3 19 19 19 24
e4 18 23 24 24

E rro r L C R G
e l 30 30 35 35
e 2 40 40 44 44
e3 28 28 33 33
e4 18 18 25 25

E rro r L C R G
e l 14 18 18 18
e 2 14 18 18 18
e3 14 18 18 18
e4 1 2 16 16 16

(a) Model I. (b) Model 2. (c) Model 3.

Table 3.1: N u m b er o f ite ra tio n s  requ ired  in global s ta te  ex p lo ra tio n  to  find erro rs  in 3 
m odels o f th e  d em arca tio n  p ro toco l. T h e  erro rs are  e l  e4. T h e  co lum ns are  L (lazy con­
tro llab ility ). C (co n stra in ed  co n tro llab ility ). R (regu lar co n tro llab ility ) , an d  G (tra d itio n a l 
global s ta te  ex p lo ra tio n ).

th e  erro rs  o ccu rred  in th e  fo rm ulation  o f th e  m odels, o th e rs  were seeded a t  random .

3.4 .2  T w o-ch ip  in tercom

T h e  second ex am p le  is from th e  Two-Chip Intercom  (T C I) p ro jec t of the* Berkeley 

W ireless R esearch  C en te r [C’en . SdS.IBMlO. dS-JSB^OO]. T C I is a  w ireless local netw ork 

which allow s ap p ro x im a te ly  -10 rem otes to  tran sm it voice w ith  p o in t-to -p o in t and  b ro ad cast 

com m unica tion . T h e  o p e ra tio n  o f th e  netw ork is c o o rd in a ted  by a  base s ta tio n , which 

assigns channels  to  th e  rem otes th ro u g h  a  T D M A  schem e. E ach  rem ote  an d  base s ta tio n  

will be im p lem en ted  in a  tw o-chip so lu tion , one for th e  d ig ita l co m p o n en t an d  one for the  

analog. T h e  T C I p ro toco l involves four layers: th e  functiom d layer (U I). th e  tra n sp o r t layer, 

th e  m ed ium  access con tro l (M A C ) layer an d  th e  physical layer. T h e  UI provides an  in terface 

betw een th e  user an d  th e  rem ote . T h e  tra n sp o r t  layer accep ts  sen d ee  req u ests  from  th e  UI. 

defines th e  co rresp o n d in g  m essages to  be tra n sm itte d  across th e  netw ork, an d  tran sm its  th e  

m essages in packets. T h e  tra n s p o r t  layer also accep ts an d  in te rp re ts  th e  incom ing packets 

an d  sends th e  m essages to  th e  UI. T h e  M AC layer im p lem en ts th e  T D M A  schem e. T h e  

p ro toco l s tack  for a  rem o te  is show n in F igure 3 .1(a). E ach  o f these blocks are described  

by th e  designers in E stere l an d  m odeled in Polls u sing  Codesiijn Fini te  State Machines  

[BCG+971-

T h e re  a re  four m ain  sendees avaihible to  a user: ConnReq.  AddReq. RemReq  an d  

DiscReq.  To e n te r  th e  netw ork , a  rem ote sends a  co n n ec tio n  req u est. ConnReq.  to g e th er 

w ith  th e  id o f th e  rem ote , to  th e  base s ta tio n . T h e  base s ta tio n  checks th a t  th e  rem ote  is 

no t a lre ad y  reg istered , an d  th a t  th ere  is a  free tim e-slo t for th e  rem ote . It th en  reg isters
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64kbps

Transport L . Mulaw I IMuIj *

MAC
Fthcr

CRC CRC

SlotSync
I 6M bps 

T x.data i

E rro r L C R. G
e l 24 25 27 27
e ‘2 39 41 41 41
e3 16 2 1 23 23
e-I 24 25 27 27
e5 57 59 59 59
eh 16 19 2 1 2 1

(b) Iterations

(a) Protocol Stack.

F ig u re  3.1: T h e  T C I p ro to co l s tack  an d  the  n u m b er o f ite ra tio n s  o f g lobal s ta te  ex p lo ra tio n  
to  discover th e  erro r.

th e  rem ote, a n d  sends a  con n ectio n  g ran t back to  the  th e  rem ote . If a rem ote  w ishes to  

leave th e  netw ork, it sends Disc.Rcq to  the  base s ta tio n , w hich un reg iste rs  th e  rem ote. If 

two o r m ore rem otes w ant to  s ta r t  a  conference, one o f th em  sends AddReq  to  th e  base 

s ta tio n , to g e th e r w ith  th e  id ’s o f th e  rem otes w ith  w hich it w ants to  com m unicate . T h e  

base s ta tio n  checks th a t  th e  rem otes a re  all reg istered , a n d  sends to  each of these  rem otes 

an  acknow ledgm ent a n d  a  tim e-slo t assignm en t for th e  conference. W hen a  rem ote  wishes 

to  leave th e  conference, it sends a  RemReq  request to  th e  base s ta tio n , which reclaim s th e  

tim e  slot a llo ca ted  to  th e  rem ote .

VVe consider a  T C I netw ork  involving one rem ote  a n d  one base  s ta tio n . T h e  invari­

a n t s ta te s  th a t  if a  rem o te  believes th a t  it is connected  to  th e  netw ork , th en  th e  b?ise s ta tio n  

has th is  rem ote  reg is te red . T h is  p ro p e rty  involves th e  fu n c tio n a l a n d  tra n sp o r t layers. In 

o u r ex p erim en t, we m odel th e  netw ork  in rp.nc.tive modules  [AH99] T h e  m odules th a t  m odel 

th e  functional a n d  t ra n s p o r t  layers for b o th  th e  rem ote a n d  th e  base s ta tio n  a re  tra n s la te d  

d irec tly  from  th e  co rre sp o n d in g  C FS M  m odels: based  on th e  p ro toco l specification , we pro­

vide ab s tra c tio n s  for th e  M A C layer an d  physical layer as well as th e  channel betw een the  

rem ote  an d  th e  base  s ta tio n . D ue to  th e  sem an tics o f C F S M . th e  m odules a re  lazy, and  

therefo re . lazy co n tro llab ility  app lies. T h e  final m odel has 83 variab les. T h e  nu m b er o f 

ite ra tio n s  requ ired  to  d iscover th e  various erro rs , som e in cu rred  d u rin g  th e  m odeling  an d  

som e seeded in. a re  re p o r te d  in  F igu re  3.1(b).
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3 .4 .3  R esu lts  on  B D D  sizes  and  d iscu ssion

In  o rd e r to  iso la te  th e  u n p re d ic tab le  effect o f d y n am ic  variab le  o rd e rin g  on th e  

BDD sizes, we co n d u c ted , for each  e rro r, two sets o f ex p e rim en ts . In th e  first se t o f  ex p e r­

im ents. we tu rn e d  off d y n am ic  variab le  o rdering , b u t su p p lied  good  in itia l o rd ers . In  th e  

second, d y n am ic  variab le  o rd e rin g  was tu rn e d  on. an d  a  ra n d o m  in itia l o rd e r was given. 

S ince th e  m ax im um  B D D  size is o ften  th e  lim iting  facto r in fo rm al verification , we give 

resu lts  based on th e  m ax im u m  n u m b er o f  BDD nodes en co u n te red  d u rin g  verification  pro­

cess. tak in g  in to  accoun t th e  B D D s com posing  th e  co n tro llab ility  p red ica te s , th e  reach ab ility  

p red ica te , an d  th e  tra n s it io n  re la tio n  o f th e  system  u n d e r co n sid era tio n . We only  com pare  

o u r resu lts  for th e  verification  using lazy co n tro llab ility  an d  g lobal s ta te  ex p lo ra tio n , since 

these a re  th e  m ost s ign ifican t com parisons. T h e  re su lts  for m odel 3 o f th e  d em arca tio n  

p ro toco l as well as th e  T C I p ro to co l are  given.

Without  dynam ic  variable orderiny.  For each erro r, we recorded  th e  m axim um  n u m b er of 

BDD nodes a llo ca te d  by th e  BD D  m an ag er en co u n te red  d u rin g  verification  process. T h e  

re su lts  given in T ab le  3 .2(a) an d  3 .2(b) a re  th e  averages of four ex p e rim en t ru n s , each  w ith  a 

d ifferent in itia l variab le  o rd e r. T h ey  show  th a t  o ften  th e  c o m p u ta tio n  o f th e  co n tro llab ility  

p red ica tes helps reduce th e  to ta l  amount, o f requ ired  m em ory  by a b o u t 10 20%. T h e  reason 

for th is  savings can  be a t t r ib u te d  to  th e  fact th a t  fewer ite ra tio n s  in g lobal s ta te  ex p lo ra tio n  

avoids th e  possib le BD D  b low -up  in su b seq u en t post-im age co m p u ta tio n .

With dynam ic  variable orderiny.  T h e  an a ly sis  on BD D  p erfo rm ance  is m ore d ifficu lt if d y ­

nam ic variab le  o rd e rin g  is used. VVe p resen t th e  resu lts  in T ab les 3.2(c) a n d  3 .2(d) which 

show  th e  averages o f  n ine ex p e rim en t ru n s on  th e  sam e m odels w ith  d y n am ic  v ariab le  o rd e r­

ing on. D ynam ic variab le  o rd e rin g  tries to  m inim ize th e  to ta l size o f all th e  B D D s. tak in g  

in to  account th e  BD D s rep resen tin g  th e  co n tro llab ility  and  th e  reach ab ility  p red ica tes , as 

well as th e  BD D s en co d in g  th e  tra n s itio n  re la tio n  o f th e  system . Hence, if th e  B D D s for 

th e  co n tro llab ility  p red ica tes  a re  a  sizeable fraction  o f th e  o th e r B D D s. th e ir  p resence slows 

dow n th e  reo rd erin g  p rocess, an d  h am p ers  th e  ab ility  of th e  reo rd erin g  process to  reduce 

th e  size o f the  BD D  of th e  reach ab ility  p red icate . T h u s , w hile o u r m e th o d s  co n sis ten tly  

reduce th e  n u m b er o f i te ra tio n s  req u ired  in  g lobal s ta te  ex p lo ra tio n  to  d iscover th e  e rro r, 

occasionally  we do no t achieve sav ings in te rm s o f m em ory  req u irem en ts .

W hen  th e  co n tro llab ility  p red ica tes  a re  sm all com pared  to  th e  reach ab ility  p red i­

ca te . th ey  do not in terfe re  w ith  th e  variab le  o rd e rin g  a lg o rith m . T h is  o b serv a tio n  suggests
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th e  following heu ristics: one can  a lte rn a te  th e  ite ra tio n s  in th e  co m p u ta tio n  o f th e  con tro l­

lab ility  an d  reach ab ility  p red ica tes  in  th e  follow ing m anner. At each ite ra tio n , th e  ite ra tio n  

in  th e  co n tro llab ility  p re d ic a te  is co m p u ted  only  w hen its size is sm alle r th a n  a  th resh o ld  

fraction  (say. 50%) o f th e  reach ab ility  p red ica te . O therw ise , reach ab ility  ite ra tio n s  a re  ca r­

ried  o u t. A n o th e r possib le  h eu ris tics  to  reduce th e  size o f the  BDD re p re se n ta tio n  o f th e  

th e  co n tro llab ility  p red ica tes  is to  allow  ap p ro x im a tio n s: o u r a lg o rith m s rem ain  sound  an d  

com plete  as long as we use o v e r-ap p ro x im atio n s o f th e  co n tro llab ility  p red ica tes .

3.5 Bounded C ontrollability and Iterative Strengthening

3.5 .1  B o u n d ed  co n tro lla b ility

In lazy co n tro llab ility , we know th a t  th ere  is a  move o f th e  en v iro n m en t th a t  is 

alw ays enab led  (th e  move th a t  leaves all in p u t variables unchanged): there fo re , th a t  move 

m ust be ab le  to  co n tro l th e  m odule. In co n stra in ed  con tro llab ility , we are  given th e  set of 

possib le en v iro n m en t moves, an d  we requ ire  th a t  one o f those moves is ab le  to  con tro l the  

m odule. We can  com bine these  two no tions in th e  defin ition  o f bounded controllability.  In 

bo u n d ed  con tro llab ility , unlike in usual gam es, th e  env ironm en t m ay have som e degree of 

in suppressib le  in te rn a l n o n d e te rm in ism . For each s ta te , we are given a  (n o n em p ty ) set A  of 

possib le en v iro n m en t m oves, as in u sual gam es. In ad d itio n , we are  also  g iven a  (possib ly  

em pty ) set B  C A o f moves th a t  th e  en v iro n m en t can  take a t its d isc re tio n , even if they  are 

no t th e  b est moves to  con tro l th e  m odule. We say th a t a  s ta te  is houndedly controllable if 

(a) th e re  is a  move in A th a t  can  con tro l th e  s ta te , an d  (b) all th e  m oves in B  can  contro l 

th e  s ta te . T h e  nam e bounded controllability  is derived  from  th e  fact th a t  th e  se ts  B  an d  .A 

are  th e  lower an d  u p p e r  b o u n d s o f th e  in te rn a l nondeterin in ism  o f th e  con tro lle r.

G iven a  m o d u le  P .  we can  specify  th e  lower an d  u p p er b o u n d s for th e  env ironm en t 

nond eterm in ism  using  two p red ica tes  H l . H u 6  P (A 'pU l \ , ). We can th e n  define th e  bounded 

uncontrollable predecessor operator B U P re [H l . H u] : V (X p ) *—> P (X P ) by

BUPre[Hl . H u\ { X)  = Wl'P . ( H u -+ 3O'p . (rP A A"))] V h l ' P . ( H l A 3O'p . (r P A A"))

Mote th a t  th e  q u an tifie rs  a re  th e  d u a ls  o f th e  ones in o u r in form al d efin itio n , since th is 

o p e ra to r co m p u tes th e  u n co n tro llab le  s ta te s , ra th e r  th a n  the  co n tro llab le  ones. N ote also 

th a t  in general we can n o t e lim in a te  th e  first d is ju n c t, unless we know th a t  3 1'p  . H l holds 

a t  all .s €  S rnp.  as was th e  case for lazy con tro llab ility . By s u b s t itu t in g  th is  p redecessor
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o p e ra to r  to  UPre in A lg o rith m  3.1. g iven a  p red ica te  ip  over A'p- we can  co m p u te  th e  

p red ica te  B C t r [ H l . H U\(P.  □<p) defin ing th e  s ta te s  o f P  th a t  a re  h o u n d ed ly  co n tro llab le  

w .r.t. O p .  G iven a  sy stem  R  = Pi  || • • • || Pn a n d  a  p red ica te  p  over A 'p. we can  use 

b o u n d ed  co n tro llab ility  to  co m p u te  a  se t o f doom ed  s ta te s  as follows. For each  I <  i < ri. 

we let as usual abs t (p)  =  3( A'p \  A'p,) . p .  a n d  we co m p u te  th e  lower an d  u p p e r  b o u n d s  by

=  A j c { l  • ^ J . I  ■ TPj • H \ L =  A j 6 { 1  • T p t .

w here for I <  j  < ri. th e  se t Vj,, =  A p, \  A'p, consists o f  th e  variab le  o f Pj n o t p resen t in 

P ,. T h en  we have R  }= O p  iff th e  check I  nv C h e c k ) R . p  A A?= i DCtr[H[.  H[L\{Pl . Oa b s t (p) ) )  

re tu rn s  Y es. If th is  check fails, we can  c o n s tru c t coun terexam ples by p roceed ing  jus in 

Section 3.2.

3 .5 .2  Itera tiv e  s tren g th en in g

We can  fu rth e r s tre n g th e n  th e  co n tro llab ility  p red ica tes by the  process o f iterative 

strengthening.  T h is  process is based  on  th e  following observation . In th e  system  R  =

Pi II • • • II Pn- hi o rd e r to  co n tro l P ,. th e  en v iro n m en t o f P, m ust not only  take  tran s itio n s

co m p atib le  w ith  th e  tra n s itio n  re la tio n  o f th e  m odules Pj.  for j  €. { I  n } \  {t}. b u t these

m odules m ust also s tay  in th e ir  own se ts  o f  con tro llab le  s ta te s . T h is  suggests th a t  w hen 

we co m p u te  th e  con tro llab le  s ta te s  o f P ,. we take in to  account th e  co n tro llab ility  p red ica tes  

a lread y  co m p u ted  for th e  o th e r  m odules. For 1 <  i < n.  if St is th e  co n tro llab ility  p red ica te  

o f m odu le  P ,. we can  co m p u te  th e  u p p e r b o u n d  to  th e  env ironm en t n o n d e te rm in ism  by

=  A j€ { i  „ } ' . { < } •  3 r ; A • (rp , A 6, A .

w here <) =  ()[.........<),,. For all 1 <  i < n.  we can  co m p u te  a  sequence o f increasing ly  s tro n g

co n tro llab ility  p red ica tes  by le ttin g  =  T an d . for k  > 0. by =  BCtr[H{.  H[l (<ik )](P , . Up)  

For all I <  i < n  an d  all k  > 0. p red ica te  < )^ ~ 1 is a t least as s tro n g  as <)*. We can  te rm in a te  

th e  co m p u ta tio n  a t  any  k  >  0  (reach ing  a  fixpo in t is no t needed), a n d  we can  verify R  [= U p  

by execu ting  I n u C h e c k ( R . p  A AT=i )• *̂ -s k  increases, so does th e  cost of co m p u tin g  these 

p red ica tes . However, th is  increase m ay be offset by th e  fas te r d e tec tio n  o f e rro rs  in the  

g lobal s ta te -e x p lo ra tio n  phase.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

C H A P T E R  3. E A R L Y  E R R O R  D E T E C T IO N 35

3 .5 .3  D iscu ssion

T h e  early  e rro r d e tec tio n  techn iques p resen ted  in th e  previous sections for invari­

a n ts  can be stra ig h tfo rw ard ly  ex ten d ed  to  gen era l lin ear tem poral-log ic  p ro p e rtie s . G iven  a  

sy stem  R  =  P | || • • • || Pn an d  a  general LTL fo rm ula  ip over A'/?, we first co m p u te  for each 

1 <  i < n  th e  p red ica te  St . defin ing  th e  co n tro llab le  s ta te s  of P, w ith  respect to  ip. T h is  

co m p u ta tio n  requires th e  so lu tio n  o fu > reg u la r gam es [EJ91. Tho95]: in th e  so lu tion , we can  

use th e  various notions o f co n tro llab ility  developed  in th is  ch ap te r, such as lazy, co n s tra in ed , 

o r b o u n d ed  contro llab ility . T h en , we check w h e th e r R  ^  ipA □ ( / \ ' l_ 1 <5t ): as before, if a  s ta te  

th a t  falsifies <), for som e 1 <  i < n is en te red , we can  im m edia te ly  conclude th a t  R  tp. 

For ce rta in  classes o f p ro p e rtie s , such  as reach ab ility  p ro p e rtie s , it is convenient to  p erfo rm  

th is  check in two steps, first checking th a t  R  <)t ) (enab ling  early  e rro r d e tec tio n )

an d  then  checking th a t  R  (= w.
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Lazy G lobal
E rr C o n tro l T o ta l Tot al
e l 4.4 (0 .8 ) 6 . 6 (0 . 1 ) 7.9 (0 .8 )
e 2 4.1 (0 . 1 ) 7.2 (0 .6 ) 9.2 (2.4)
e3 4.4 (0 . 1 ) 9.0 (0.3) 14.6 (0.3)
e4 7.3 (0.9) 8.7 (0 .1 ) 1 1 .1 C2 . 1 )

(a) D em arcation Protocol (Off).

Lazy G lobal
E rr C o n tro l T o ta l T o ta l
e l 4.8 (0.4) 6.3 (0.4) 6.7 (0.5)
e2 5.4 (0 .6 ) 8 . 6 (0.5) 9.0 (0.4)
e3 5.8 (0.4) 6.5 ( 1 .0 ) 7.7 ( 1 .6 )
e4 5.4 (0 . 1 ) 1 0 .1 (0 . 1 ) 1 2 .0 (0.3)
0 0 6 . 6 (0.5) 40.7 ( 1 .8 ) 43.8 (0 .2 )
e6 5.6 (0 .6 ) 6 . 8 ( 1 .6 ) 7.7 (1.9)

(b) T C I (Off)

Lazy G lobal
E rr C on tro l T o ta l Tot al

e l 3.0 (0.4) 6.9 (0.7) 7.5 (0.4)
e2 3.5 ( 1 .0 ) 6.7 (0.4) 8 .1 (0 .8 )
e3 3.6 (0.5) 8.9 (1.3) 12.7 (1.9)
e4 4.4 (0.4) 9.0 (0.9) 1 1 .8 (2 .6 )

(c) D em arcation Protocol (On).

Lazy G lobal
E rr C o n tro l T o ta l T o tal
e l 4.2 (0.9) 7.2 (0 .8 ) 7.3 (0.9)
e2 3.7 (0 .6 ) 1 0 .1 (2.4) 1 1 .0 (2.3)
e3 4.5 (0.5) 7.4 (1.5) 6.4 (0 .6 )
e4 3.8 (0.3) 11.4 (2-9) 16.9 (7.4)
e5 4.0 (0.4) 60.2 (19.1) 73.7 (29.8)
e6 4.6 (0.5) 7.9 (0.9) 6 .8 (0.9)

(tl) TC I (On).

T ab le  3.2: A verage m axim um  n u m b er o f  B D D  nodes requ ired  for e rro r d e tec tio n  fla rin g  th e  
co n tro llab ility  (C on tro l) an d  reach ab ility  c o m p u ta tio n  (T otal) phases. D ynam ic variab le  
o rd e rin g  was tu rn ed  off in (a) a n d  (b). an d  on  in (c) an d  (d). T h e  resvdts a re  given for lazy 
co n tro llab ility  an d  global s ta te  ex p lo ra tio n . All d a ta  a re  in th o u san d s o f B D D  nodes, a n d  
th e  s ta n d a rd  d ev ia tio n s  are given in p aren th esis .
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C hapter 4

A utom atic P roof D ecom position

4.1 Introduction

T h e  single largest obstac le  to  th e  use o f au to m a tic  m eth o d s in system  verification 

is th e  s ta te -ex p lo sio n  problem , w hich is th e  ex p o n en tia l increase in th e  n u m b er o f system  

s ta te s  caused  by a  linear increase in th e  n u m b er o f sy stem  com ponen ts o r variables. M odular 

verification  techniques a t te m p t to  overcom e th e  sta te-exp losion  problem  by ex p lo itin g  the 

m o d u la r s tru c tu re  n a tu ra lly  p resen t in m ost sy stem  designs. T h e  basic idea is to  analyze 

each m odu le  o f th e  system  separa te ly , p e rh ap s  to g e th e r w ith  an  env ironm en t th a t  represen ts 

a  sim plified  m odel o f th e  rest o f th e  system : th e  re su lts  o b ta in ed  for th e  in d iv id u a l m odules 

are  th e n  com bined  into a  single re su lt a b o u t th e  co m pound  system . Unlike o th e r  tasks in 

th e  verification  o f fin ite -s ta te  system s, w hich have been largely a u to m a ted , cu rren t m odular 

verification  techn iques still rely heavily  on  user gu idance . Aside from  dec id ing  how to break 

up a  sy stem  into  m odules, th e  user also  has to  specify  the  env ironm ent in w hich to  s tu d y  

each m odu le , w hich is usually  a  d ifficult tiisk. In  th is  chaper. we p resen t an  app roach  to 

m o d u la r verification  th a t is a lm ost en tire ly  au to m a tic . leaving to  th e  user on ly  th e  task  of 

specify ing  w hich variables o f a  m odu le  sh ou ld  be re levant to  the  o th e r  m odules.

For each concrete  m odule, we erase  som e variables to  co n stru c t an  a b s tra c t  m od­

ule. w hich has a  sm aller s ta te  space: th e  a b s tra c t  m odule  is th en  used to  rep lace th e  concrete 

m odu le  in  th e  verification process. If th is  ap p ro ach  is pu rsu ed  naively, typ ically  one of two 

th in g s  h ap p en s. E ith e r one a b s tra c ts  on ly  variab les th a t  do not influence th e  p ro p e rty  to 

be verified, w hich is ce rta in ly  p ru d e n t b u t m ore o ften  th a n  not leads to  insufficient sav­

ings. o r one a b s tra c ts  variables th a t  do  influence th e  desired  p roperty , in w hich case the
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a b s tra c t  m od u le  m ay v io la te  th e  p ro p e rty  even th o u g h  the  concrete  m odu le  does no t. We 

tak e  th e  second ro u te , b u t use a d d itio n a l in fo rm atio n  a b o u t th e  concrete  m odule in o rd e r to  

c o n s tru c t m ore useful ab s tra c tio n s  th a n  cou ld  be achieved by sim ply  erasin g  variab les. In 

th e  m ost basic  v a ria tio n  o f o u r m eth o d , we use reach ab ility  in fo rm atio n  a b o u t th e  concrete  

m o d u le  w hen  erasin g  variab les to  co n stru c t an  a b s tra c tio n . In a  m ore advanced  v aria tio n , 

we also  use co n tro llab ility  in fo rm atio n  a b o u t th e  co n c re te  m odu le  w ith  respect to  th e  desired  

p ro p e rty . In all cases, th e  ad d itio n a l in fo rm atio n  we use can  be o b ta in ed  fully au to m a tica lly  

by looking  only  a t  in d iv id u a l m odules an d  th e  p ro p e rty  to  be verified — th ere  is no need to 

involve th e  co m p o u n d  system . O u r ex p e rim en ta l re su lts  in d ica te  th a t  th e  use of reach ab il­

ity  a n d  co n tro llab ility  in fo rm ation  can lead to  d ra m a tic  im provem ents in verification: the  

re su ltin g  m odu le  ab s tra c tio n s  a re  o ften  m uch sm aller th a n  th e  concrete  m odules yet s till 

p reserve th e  desired  property .

For th e  sake o f sim plicity , we d escrib e  system s as th e  para lle l com p o sitio n  o f one 

o r m ore non-b lock ing  Moore, m odules, for w hich th e  o u tp u ts  d u rin g  a  tran s itio n  d ep en d  

o n ly  on th e  source s ta te  o f th e  tran s itio n . O u r  ap p ro ach  can  be ad a p te d  w ith  only  m inor 

m od ifica tions to  M ealy-type m odules, such as th e  reactive m odules o f [AH99j. We consider 

th e  verifica tion  o f invariance p ro p erties . An invariance p ro p e rty  for th e  m odule P  is specified 

by an  invar iant  predicate p  over X p .  T h e  m odu le  P  .satisfies th e  invarian t p red ica te  p . 

w rit te n  P  |= Dtp. if P  never leaves th e  se t o f s ta te s  defined by p.

C o n sid e r a  sy stem  P  || Q  consisting  of tw o m odules P  an d  Q.  an d  a desired  in­

v a rian t p red ica te  p  for P \ \ Q .  To check if P  || Q  |= U p  w ith o u t co n s tru c tin g  th e  global 

s ta te  space  o f  P  || Q.  we can  rem ove a  su b se t Yp  C  X p  o f th e  variab les o f P  and  a  subset 

Yq C X q  o f th e  variab les o f  Q.  Form ally, th e  a b s tra c t  m odule (3  Y p .P )  = (O p  \  Yp.  Ip  \  

Y 'p .BYp  . In i t p .B Y p B Y 'p  . rp )  is co n s tru c te d  by ex is ten tia llv  q u an tify in g  th e  rem oved vari­

ab les in  th e  in itia l an d  tra n s itio n  p red icates: we say th a t  (3 Y p .P )  is o b ta in ed  by erasing 

from  P  th e  variab les in Yp .  T h e n  we can  a t te m p t to  use th e  following s ta n d a rd  inference 

rule:
(3 V’p .P )  || (3 V q .Q ) t =  n p

P \ \ Q \ = a p  (4 ' U

T h is  ru le  is so u n d , because every  reachab le s ta te  o f th e  concrete  system  P  || Q  co rresp o n d s 

to  a  reach ab le  s ta te  o f th e  a b s tra c t  system  (3  Y p .P )  || (3 Yq .Q).  T h e  efficiency ad v an tag e  o f 

th e  ru le  s tem s from  th e  fact th a t  th e  prem ise involves fewer variab les th a n  th e  conclusion , 

red u c in g  th e  size o f th e  s ta te  space to  be  exp lo red . However, th e  prem ise m ay fail even
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th o u g h  th e  conclusion  holds, because  th e re  m ay be m any  reach ab le  s ta te s  o f th e  a b s tra c t  

sy stem  th a t  do  no t co rresp o n d  to  reachab le  s ta te s  o f th e  co n c re te  system . In fact, it is o ften  

im possib le  to  choose su itab le , reasonab le  large se ts  Yp  a n d  Yq . because m o d u la r designs 

ag g reg ate  n a tu ra lly  w ith in  each  m odu le  on ly  closely in te rd e p e n d e n t variab les. By erasin g  

such  dependencies betw een variab les, th e  n um ber o f tra n s itio n s  o f th e  a b s tra c t  sy stem  grows 

quick ly  to  th e  p o in t o f v io la tin g  all b u t  tr iv ia l invarian ts . O u r  goal is to  confine th is  g row th  

in a b s tra c t  tra n s itio n s  by u tiliz in g  ad d itio n a l in fo rm atio n  a b o u t  th e  co m p o n en t m odules P  

an d  Q.

M ore precisely, a  s ta te  s  o f P  can  be w ritte n  as a  p a ir  a =  (sa ..sa.). w here sa is a  

s ta te  over th e  se t X p  \  Y p  o f variab les, an d  s,r is a  s ta te  over th e  se t Yp  o f erased  variables.

T h e  a b s tra c t  m odu le  (3  Y p . P )  co n ta in s  a  tran s itio n  from  source s ta te  s a to  d e s tin a tio n  

s ta te  .s'j iff th e  co n cre te  m o d u le  P  co n ta in s  a  tran s itio n  from  (.sa ..s,t.) to  (s'a. ,s't. ) for som e 

a n d  .s'r . As a  first im provem ent, we can  include a  tra n s itio n  from  .•>„ to  in th e  a b s tra c t  

m odu le  on ly  if. for som e s ir an d  .s't,. th e re  is a  tran s itio n  from  (.$„. .s,L. ) to  (.s't . ,s't.) in th e  con­

c re te  m odu le  and  th e  s ta te  (.•>„..->„.) is reachab le in th e  co n c re te  m odule. T h is  is because it 

is ce rta in ly  no t useful to  include a b s tra c t  tran s itio n s  th a t  have no reachab le  concrete  coun­

te rp a rts . To th is  en d . we co m p u te  a  p red ica te  Reach(P)  over X p  th a t  defines th e  reachab le 

s ta te s  o f P .  T h e  p re d ic a te  Reach(P )  can  be co m p u ted  using  s ta n d a rd  s ta te -sp ace  explo­

ra tio n  (sym bolic o r en u m era tiv e ). O u r ex p e rim en ts  based  on  sym bo lic  m eth o d s in d ica te  th a t  

th is  co m p u ta tio n  is efficient, since th e  m odule  P  is considered  in iso la tion . F rom  th e  p red i­

c a te  Rea ch (P )  we co n s tru c t th e  m odule  ( P  k  Reuch(P ))  = (O p .  I p . . I n i t p .  ~p A R each(P )) .  

w hich is like P . excep t th a t  it allow s on ly  tran s itio n s  from  reach ab le  s ta te s . A fter erasing  

th e  variab les in Yp .  we o b ta in  th e  a b s tra c t  m odule  (3 Y p . ( P  k  R ea c h (P ) ) ) .  In a  s im ilar way. 

we co m p u te  th e  reach ab ility  p red ica te  Reach(Q)  for Q  an d  c o n s tru c t th e  a b s tra c t  m odule 

(3 V q .(Q &  Reach(Q)) ) .  To com plete  th e  verification process, we th e n  use th e  following rule:

(3 Y p . ( P  k  Rea c h (P ) ) )  || (3 Y q . ( Q  k  Reac h(Q )) )

P 110 hcv ,4 '2)

Since th e  sy stem s P  || Q  an d  ( P  k  R each(P ))  || ( Q k  Reac h(Q ))  have th e  sam e reachable 

s ta te s , ride  (4.2) is so u n d . As we shall see. unlike th e  s im p lis tic  ru le  (4 .1). th e  im proved 

ru le  (4.2) can  o ften  be successfully  ap p lied  even w hen th e  se ts  Yp  an d  Yq  include vari­

ab les th a t  c o n tr ib u te  to  en su re  th e  in v arian t Yet th e  sav ings in checking th e  p rem ise o f  

ru le  (4.2) a re  ju s t  as  g rea t as those for checking th e  p rem ise o f  th e  ea rlie r ru le  (4 .1). because 

th e  sam e se ts  o f variab les a re  erased . In  o th e r  w ords. (3 Y p . ( P  k  Rea c h (P ) ) )  || (3 Y Q . ( Q k  Reach(Q)) )
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is a  m ore a c cu ra te  b u t no m ore d e ta iled  a b s tra c tio n  o f P \ \ Q  th a n  is (3 Y p .P )  || (3 Y g .Q ). 

In  o u r ex p e rim en ts  we sh a ll o b ta in  d ra m a tic  re su lts  by ap p ly in g  ru le  (4.2) w ith  th e  sim p le  

h eu ristics  o f e ras in g  th o se  variab les th a t  a re  no t involved in th e  co m m u n ica tio n  betw een  P  

a n d  Q.  W hile  re ach ab ility  in fo rm atio n  is o ften  used in  a lg o rith m ic  verification, th e  nov­

e lty  o f ru le  (4.2) co n sis ts  in th e  use of such  in fo rm atio n  for th e  m o d u la r co n s tru c tio n  o f 

ab s trac tio n s .

T h e  effectiveness o f a  ru le  such as (4.1) o r (4.2) is d irec tly  re la ted  to  th e  n u m b er o f 

variables th a t  can  b e  e rased  in a  successful ap p lica tio n  o f th e  ru le. R ule (4.2) im proves on 

ru le  (4.1) by using reachability  in fo rm ation  a b o u t the in d iv id u a l m odules in th e  co n s tru c ­

tion  o f th e  a b s tra c tio n s , w hich usually  p e rm its  th e  e rasu re  o f m ore variables. It is possib le 

to  fu r th e r im prove on th e  ru le  (4.2) by using, in ad d itio n  to  reachab ility  in fo rm atio n , also 

in fo rm atio n  a b o u t th e  controllability of th e  ind iv id u a l m odules w ith  respect to  th e  specifica­

tion  Q<p. T h is  im provem en t is based  on th e  following o b serv a tio n . T h e  p red ica te  Reach(P )  

used in (4.2) defines th e  reachab le  s ta te s  o f P  when P  is in a completely general environ­

ment .  However, th e  m o d u le  P  m ay ex h ib it anom alous behav io rs in  a com plete ly  general 

env ironm en t: in p a r tic u la r , m ore s ta te s  m ay be reachab le  u n d er a  com pletely  general en ­

v ironm en t th a n  u n d e r th e  specific env ironm en t p rov ided  by Q.  O f course, we do not w ant 

to  co m p u te  th e  reach ab le  s ta te s  o f P  w hen P  is com posed  w ith  Q: do ing  so w ould requ ire  

th e  ex p lo ra tio n  o f th e  s ta te  space of th e  g lobal system  P  || Q.  w hich is ex ac tly  w h a t o u r 

m o d u la r verification  ru les t ry  to  avoid. To s tu d y  th e  m odu le  P  u n d e r a  su itab le  confin ing 

en v iro n m en t, w hile s till  avo id ing  th e  ex p lo ra tio n  o f th e  g lobal s ta te  space, we co n sid er th e  

m odule P  in the m os t  general  env ironment  E  that ensures  the invariant  p:  th a t  is. E  is 

th e  least re s tr ic tiv e  m o d u le  such  th a t P  \\ E  \= Op .  In p rac tice , we need not co n s tru c t E  

explicitly , b u t co m p u te  on ly  th e  p red ica te  D p  th a t  defines th e  set o f reachab le  s ta te s  o f 

P  || E.  S ince E  is m ore re s tr ic tiv e  th an  th e  com pletely  general env ironm en t, th e  p red ica te  

D p  is s tro n g er th a n  R ea ch (P ) .  an d  the  im p lica tio n  D p  —t Reach(P )  holds. T h e  a lg o rith m  

for co m p u tin g  D p  follows from  th e  s ta n d a rd  g am e-th eo re tic  a lg o rith m  for co m p u tin g  th e  

set o f s ta te s  o f th e  m o d u le  P  th a t  are  co n tro llab le  w ith  resp ect to  th e  invarian t p:  it can  

be im p lem en ted  sym b o lica lly  o r  enum eratively . w ith  a  tim e  com plex ity  th a t  is lin ear in th e
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size of th e  s ta te  space o f P  [Bee80]. T h is  leads to  th e  following m o d u la r verification  rule:

( In i t p  A Ini tQ)  —> { D p  A D q )

P \ \ { 3 Y Q. ( Q & D Q ) ) \ = a D p  

Q \ \ ( 3 Y P. ( P k D p ) ) \ = n D Q

P \ \ Q \ = O i p
(4.3)

w here Yp  C X p  a n d  Yq  C X q . T h e  so u ndness o f th is  ru le  dep en d s on an  in d u ctiv e  

a rg u m en t, a n d  it will be proved  in d e ta il in th e  rest o f the  ch ap te r. E ssentially , th e  first 

p rem ise en su res  th a t  th e  m odu les P  an d  Q  a re  in itia lly  in s ta te s  sa tisfy ing  D p  A D q . T h e 

second p rem ise show s th a t ,  as  long as Q  does n o t leave th e  set defined by D q . th e  m o d u le  P  

will not leave th e  se t defined  by Dp:  th e  th ird  p rem ise  is sy m m etrica l. As th e  im p lica tions 

D p  —r q  an d  D q  —► p  hold , the  th ree  prem ises lead to  the  conclusion. T h e  ru le  is in 

fact closely re la ted  to  in d u c tiv e  forms o f a ssu m e-g u aran tee  reasoning  [StaSo. AL95. AH99. 

McM97]. T h e  use o f th e  s tro n g e r p red icates D p  a n d  D q  in th e  second an d  th ird  prem ises 

of the  ru le  (4.3) p o te n tia lly  enables th e  e rasu re  o f m ore variables com pared  to  th e  ea rlie r 

ru le  (4.2). However, in ru le  (4.3) th is erasu re  can  take  p lace only  on one side o f th e  paralle l 

com position  o p e ra to r  o r. in th e  case o f m u lti-m o d u le  system s, for all m odules b u t one.

W hile  a u to m a tic  approaches to  th e  c o n s tru c tio n  of a b s tra c tio n s  for m odel check­

ing have been  p ro p o sed , for exam ple, in [K ur94. D am 96. GS97. CC'99]. th ese  ap p ro ach es 

do not ex p lo it re ach ab ility  a n d  con tro llab ility  in fo rm a tio n  in a  m o d u la r fashion. In p a r tic ­

u lar. in s tead  o f th e  s ta n d a rd  princip le  "first a b s tra c t ,  th en  m odel check th e  ab s tra c tio n ."  

o u r ap p ro ach  follows th e  m ore refined p rincip le  “first m odel check th e  co m p o n en ts , th en  

use th is  in fo rm a tio n  to  a b s tra c t ,  then  m odel check th e  co m p o u n d  a b s tra c tio n ."  In th is  

way. our m o d u la r  verifica tion  ru les a re  doub ly  g ea red  tow ards a u to m a tic  verification  m e th ­

ods: s ta te -sp a ce  e x p lo ra tio n  is used b o th  to  co m p u te  th e  reach ab ility  an d  co n tro llab ility  

p red ica tes , a n d  to  check all tem p o ra l p rem ises (th o se  w hich con ta in  th e  \= o p e ra to r) . It 

is w orth  p o in tin g  o u t th a t  n on tem pora l prem ises w ould resu lt in ru les th a t  a re  consid ­

erab ly  less pow erful. For exam ple , su p p ressin g  variab le  erasures, th e  tem p o ra l prem ise 

( P  Sc R ea c h (P ) )  || {Q Sc Rea ch( Q))  O p  o f ru le  (4.2) is w eaker th a n  th e  two n o u tem p o ra l 

prem ises I n i t p  A Ini tQ —> p  a n d  p  A Reach{P)  A rp A  Reach(Q)  A tq —> p '  w ould be  (here, p '  

resu lts  from  p  by rep lac in g  all variables w ith  th e ir  p rim ed  versions). S im ilarly , th e  second 

prem ise o f ru le  (4.3) is w eaker th a n  th e  two n o n tem p o ra l prem ises Ini t  p  A Ini tQ  —>■ D q  A D p  

a n d  D p  A r p  A D q  A tq —¥ D'p  would be. It is easy  to  find exam ples w here o u r tem p o ra l
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prem ises apply , b u t th e ir  u o n tem p o ra l c o u n te rp a rts  do not.

42

4.2 O verview and A dditional Definitions

4 .2 .1  C h ap ter  O v erv iew

We develop th e  tech n ica l d e ta ils  o f th e  proposed  m o d u la r  verification  rules in 

Section  4.3. T h e  verification  ru les have been im plem ented  on top  o f th e  M o c h a  m odel 

checker [AH M + 98]. u sin g  B D D -based  fixpoint a lg o rith m s for th e  c o m p u ta tio n  o f th e  reach­

ab ility  an d  co n tro llab ility  p red ica tes . In Section 4.4 we discuss th e  im p lem en ta tio n  o f the  

verification ru les, a n d  we d esc rib e  th e  script  language we devised  in o rd e r to  be  ab le  to ex­

perim en t efficiently w ith  various m o d u la r verification techniques. In S ection  4.5 we present 

ex p e rim en ta l re su lts  for th ree  exam ples: an  in stan ce  o f th e  d em arca tio n  p ro toco l described  

in Section  3.4.1 a  tok en -rin g  a rb ite r ,  an d  a  sliding-w indow  p ro toco l for d a ta  com m unica­

tion  [Hol91]. We con c lu d e  w ith  som e insigh ts g a th e red  in th e  course o f  th e  ex p e rim en ta tio n  

w ith  the  p roposed  verifica tion  ru les.

4 .2 .2  A d d itio n a l D efin it io n s

We re s tr ic t o u r  p re sen ta tio n  to  Moore  m odules, th a t  is. th e  variab les in I'p do  not 

ap p e a r in r p  an d  th e re fo re  th e  n ex t value o f the  o u tp u t variab les can  d ep en d  on th e  presen t 

value o f th e  in p u t variab les, b u t no t on th e ir  nex t value. T h is  re s tr ic tio n  will sim plify  the  

n o ta tio n  o f su b seq u en t sec tions. N evertheless, a ll th e  resu lts o f th is  c h a p te r  can  be  a d a p te d  

to  the  case o f Mealy  m odules, in  w hich th e  next values o f th e  o u tp u t  variab les can  d ep en d  

also on th e  nex t values o f th e  in p u t variab les. M oreover, th e  m odules we defined do  no t have 

private  variab les, th a t  is. th e  values o f all th e ir variab les can be  in sp ec ted  by o th e r  m odules. 

W hile th is  re s tr ic tio n  sim plifies th e  p re sen ta tio n  o f th e  resu lts, all th e  techn iques we p resen t 

in th is  c h a p te r  can  be ap p lied  to  m odu les w ith  p riv a te  variab les s im p ly  by d isreg a rd in g  th e  

in fo rm ation  o f w hich o u tp u t  variab les a re  p rivate , an d  which are  v isib le from  o th e r  m odules. 

However. P ro p o s itio n  4.1 a n d  th e  com pleteness p a r t  o f P ro p o sitio n  4.2 need m odifications 

if m odules can  have p riv a te  variab les.

G iven a  m o d u le  P  =  (O p . Ip .  I n i tp .  rp)  an d  an  LTL form ula P  over th e  set A'p o f 

m odule variab les, we w rite  P  |=  iff P. s  |= ip for all s ta te  s f= I n i t p .  G iven any  p red ica te
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H  over X p .  vve d en o te  by

( P S c H )  = (oP. I P . I n i t p  A H. r P A f f j

th e  m odule like P.  excep t th a t  o n ly  tran s itio n s  from  s ta te s  th a t  sa tis fy  H  a re  allowed. 

G iven a  m odule P  an d  a  set V' o f variab les, we let

(3 Y .P )  = ( p P \  Y. I p  \  Y. 3 Y  . I n i t p .  3Y.  Y '  . tp )

be th e  m odule o b ta in ed  by erasing th e  variables V' in P.  N ote th a t  th e  m odu le  ( P  &: H )  can  

be blocking even if m o d u le  P  is non-b locking . O n  th e  o th e r  h an d , th e  p ara lle l com position  

o f non-blocking M oore m odules is non-b locking , an d  a  m o d u le  o b ta in ed  from  a  non-b locking  

M oore m odule by e ras in g  variab les is also non-blocking.

In the  rest o f th e  ch a p te r, we p resen t m o d u la r techn iques for verifying w h e th e r

th e  re la tion  Pi || • - • || Pn f= □(p  ho lds, w here P\ .  P> P„ a re  com posab le  m odules, for

ti > 0. an d  w here ^  is defined  over th e  set o f variab les ( J “_[ -V/;.

4.3 M odular R ules for Invariant Verification

VV’e presen t th ree  m o d u la r ru les for th e  verification  o f invarian ts: th e  ru les are  

p resen ted  in o rd er o f increasing  so p h is tic a tio n , an d  o f increasing  a b ility  o f successfully  

erasing  variables. T h e  first ru le  is a  s ta n d a rd  ru le based  on  th e  co n stru c tio n  o f a b s tra c t 

m odules:

( 3 r , . P i ) l l  ••• | | ( 3 V „ . P n ) |= CV

Pi I! ••• II Pn \ = a v  ( '

T h e  second ru le is derived  from  th e  above ru le, by using  in  th e  co n stru c tio n  o f th e  a b s tra c t  

m odules also in fo rm atio n  a b o u t th e  reachab le s ta te s  o f th e  concrete  m odules. T h e  th ird  

ru le  co n stru c ts  the  a b s tra c t  m odu les using  b o th  reach ab ility  an d  co n tro llab ility  in fo rm ation  

a b o u t the  concrete  m odules.

4 .3 .1  R ea ch a b ility -b a sed  a b stra ctio n s

In o rd er to  im prove th e  ab ility  o f ru le  (4.4) to  successfully  erase variab les, we 

co n stru c t th e  a b s tra c t m odules u sin g  reach ab ility  in fo rm a tio n  a b o u t th e  concrete  m odules.
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Hence, we fo rm ulate  th e  follow ing m o d u la r verification rule:

(3V'l .(P i& /2 e a c A (P l ) ) ) | |  ••• || (3 Yn .(Pn k  Reac h(P n ))) (= CV
(4.5)

P , | |  ••• || Pn 1= QV7

T h is  ru le is sound. T h e  ru le  is also com plete , since w henever th e  conclusion holds, th e  

p rem ise also  does, w ith  th e  choice V'! =  • - • =  Y n =  0. O u r ex p e rim en ts  in d ica ted  th a t  ru le 

(4.5) is o ften  su rp risin g ly  effective in en ab lin g  the  successful e rasu re  o f variab les, leading to 

d ra m a tic  savings in th e  space  a n d  tim e requ irem en ts o f verification. VVe illu s tra te  th is  w ith  

an  exam ple.

E x a m p le  4 .1  T h is  exam ple  is a  sim plified  version o f th e  token-ring  exam ple  p resen ted  

in Section  4.5. C onsider a sy stem  com posed  o f two m odules P  an d  Q  th a t  c ircu la te  a  

token th ro u g h  a  4-phase h an d sh ak e  p ro toco l. T h e  m odule  P  has o u tp u t variables O p  — 

[grant  [. a c k X[. ij\ . C[} an d  in p u t variab les Ip  = {grant-,.  a c k , }  ■ All variab les a re  boolean , 

except for ci th a t  has do m ain  {0. 1 .2 .3 } . T h e  m odule  Q  is defined sim ilarly , except th a t  

th e  su b sc rip ts  1 an d  2 are  exchanged . In tu itively , grant-, an d  ack\  form  the  h andshake  th a t 

passes a  token from  Q  to  P.  O nce th e  token  arrives in to  P.  it is s to red  first in x t .  th en  in 

//[. T h e  handshake variables g r a n t { .and ack-, a re  used to  pass th e  token  back to  Q.  T h e  

variab le  cq is an  au x ilia ry  variab le  th a t  records th e  n u m b er o f tokens in P.  T h e  in itia l 

co nd ition  o f P  is I n i t p  : —<a(:k[ A ->grant^  A x i A —>//1 A (cq =  0): th e  in itia l co n d itio n  o f Q  

is In i t q  : ->ack-) A -'grant-,  A ->x-j A —g-> A (c,  — 0). so th a t  th e  token  is in itia lly  in X [. We 

presen t th e  tran s itio n  p red ica te  o f  P  in g u ard ed -co m m an d s n o ta tio n , w ith  th e  convention  

th a t  th e  values o f th e  variab les n o t m entioned  in th e  assignm en ts a re  not m odified , an d  th a t  

th e  com m and  to  be execu ted  is chosen n o n d ete rm in is tica lly  am ong  those  w hose g u ard s  are  

true:

T h e  tran s itio n  p red ica te  o f Q  is iden tical, except th a t  th e  su b sc rip ts  1 an d  2 are  exchanged . 

T h e  invarian t is ip : [((cq -t-co) m od  4) <  2], an d  s ta te s  th a t  th e re  is a t m ost one token. To

| grant-, A -uicAq A -^xi 

|  ->grant-, A ack  i 

fl •£ [  A  ->yi

I ^grant  { A -<ack-> A ij[

|  grant t A ack .

x[  =  F: g[ =  T

grant \  =  T: y[ =  F: c', =  (cq -  1) mod 4 

grant[ =  F

ack\  =  T: x't =  T: c't =  (cq -f L) m od 4 

ack\  =  F
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verify th a t  P  || Q  \= Up.  we can  ap p ly  ru le  (4.5) w ith  se ts  o f erased  variab les Yp  =  { x [ .;y i) 

an d  Yq  =  {xo. yo }• H ence, we are ab le  to  e rase  all th e  variab les th a t  a re  no t used for 

com m u n ica tio n , an d  th a t  do  no t ap p e a r  in th e  invarian t. T h e  in tu itio n  is th a t ,  once the  

value o f ci is know n, the  p red ica te

Reach(P)  : i =  0 A -^xi A V =  1 A (x i tji ) j  V ^C[ =  2 A x i A x_>j

provides sufficient in fo rm atio n  a b o u t th e  possib le values o f th e  e rased  variab les x i an d  ij\ 

to  en ab le  an  accu ra te  c o m p u ta tio n  o f th e  successor s ta te s . In  c o n tra s t, ru le  (4.4) does not 

en ab le  th e  e rasu re  o f any  variab les. I

4 .3 .2  C o n tro lla b ility  and reach ab ility -b ased  a b stra c tio n s

C onsider an  in s tan ce  P\ || • • • || Pn ^  U p  of th e  in v arian t verification  problem , 

for n > 1. As m entioned  in th e  in tro d u c tio n , th e  p red ica te  Reach ( Pt ) defines th e  reach­

ab le s ta te s  o f m odule P, when the module. P, is in a completely arbitrary env ironment ,  for 

L <  i < n.  However, a  m odu le  m ay have m any m ore reachab le  s ta te s  w hen com posed  w ith  

a  com plete ly  a rb itra ry  en v iro n m en t, th a n  w hen com posed w ith  th e  o th e r m odules of the 

system . To o b ta in  m ore precise p red icates, we consider th e  s ta te s  o f P, th a t  a re  reach­

ab le  u n d er th e  most  general env ironm en t  under  which Pt satisf ies the specification U p .  for 

I <  i < n.  T h e  idea is th a t ,  if the  sy stem  litis been  p ro p e rly  designed , th e n  th e  ac tu a l 

env iro n m en t o f P, is a  spec ia l case o f th is  m ost general en v iro n m en t.

Recall th a t  an  env iron m en t  for a  m odu le  P  is a  non-b lock ing  m odu le  E  eom- 

posab le  w ith  P . G iven a  m odu le  P  an d  a  p red ica te  p.  we d en o te  by E n v s ( P )  th e  set of 

a ll en v iro n m en ts  o f P . a n d  we let E n v s - ( P )  = { E  6  E n v s ( P )  \ P  || E  U p \  th e  set of 

en v iro n m en ts  o f P  u n d er w hich th e  spec ifica tion  U p  holds. We define

C R ( P . p )  = V E i EnvsA P )  3(A'^  \  X p )  ' R each( p W

w ith  th e  convention  th a t  C R ( P . p )  =  F if E n v s . ( P )  — 0. T h e  p red ica te  C R ( P . p )  defines 

th e  set o f s ta te s  o f P  th a t  can  be  reached w hen P  is com posed  w ith  an  env iro n m en t under 

w hich U p  holds. D enote by .Y^ the  variab les o ccu rrin g  in p .  T h e  following p ro p o sitio n  

gives som e ad d itio n a l p ro p e rtie s  o f th e  p red ica te  C R ( P . p ) .

P r o p o s i t i o n  4 .1  Given a non-blocking module P  and a predicate p .  the fol lowing asser­

t ions hold.
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1. There is an env ironm en t  E  €  En vs  . {P )  with X £  — X p  U A '- such that  

C R { P . p )  = l i X ;  \  X P ) . R e a c h (P  || E ) .

2. The impl icat ions C R ( P . p )  —> 3 (A’ - \  X p )  . tp and  C R ( P . p )  —r R ea c h (P )  hold.

R egard ing  th e  second asse rtio n , n o te  th a t  in  th e  in tro d u c tio n  we im p lic itly  assu m ed  A3- C 

A'p, for I <  i < n  for th e  sake o f  sim plicity , w hile here we a re  only  a ssu m in g  th e  weaker 

X .  C U := i-V p ,. We can  th en  fo rm u la te  th e  verification  rule:

A [l=l Ini tp,  -> A :=I C R ( P , . p )

P .  II ( l l ^ { i  „>\, ( 3 Y j . ( P j k C R ( P j . p ) ) ) )  h  □ C R ( P . p )  L <  i <  n
-------------------------------------------------------------------------------------------------------------------  (4.6)

P, || • • • || P„ N  c v

In th e  second prem ise o f th is  ru le , for 1 <  i < n. we can n o t e rase  variab les o f P,. In 

fact, th e  p red ica te  C R ( P t . p )  on th e  righ t h an d  side o f  |= involves m ost o f  th e  variables in 

P,. p reven ting  th e ir  e rasu re . In th e  ex p e rim en ts  d esc rib ed  in S ection  4.5. th e  system s were 

com posed  of two m odules, an d  ru le  (4.5) perfo rm ed  b e t te r  th an  ru le  (4 .6). s ince in ru le  (4.5) 

the  variab les could  be  erased  in b o th  th e  com posing  m odules. In sy stem s com posed  o f m any 

m odules, it is conceivable th a t  th e  ad v an tag e  derived  from  using th e  s tro n g e r  p red icates 

of ru le  (4.6) in all m odules b u t one. th u s possib ly  erasin g  m ore variab les, ou tw eighs th e  

d isad v an tag e  o f n o t being  ab le  to  erase variab les in one o f th e  m odules.

P r o p o s i t i o n  4 .2  Rule (4-6) Is sound. I f  P \  P n are non-blocking,  rule (4-ti) is also

complete: i f  the conclus ion holds, then the premises  also hold f o r  V'[ =  • • • =  V'„ =  (/).

P r o o f .  It suffices to  consider th e  case Y’i =  • • - =  Y n =  0. To show  th a t  th e  ru le  is sound.

we assum e th a t  its  prem ises hold , an d  we prove by in d u c tio n  on k  > 0 th a t ,  if sq. s i  s^

is an  in itia l trace  o f P t || - || P „ . th en  s t C R ( P j . p )  for all 0 <  i < k  a n d  1 < j <  a.

T h e  base case follows from  th e  first p rem ise o f  (4.6). For th e  in d u c tio n  s tep , assum e th a t  

the  asse rtio n  holds for k.  an d  co n sid er th e  asse rtio n  for k  + L for any  j .  w ith  I <  j  < ri.

T h e trace  .s0..S[.........s*. .st_ i is an  in itia l trace  o f Pj || ( ||t^ { i......( P} & C R ( P j . p ) ) )  Hence.

we have th a t  . ^ i  |= C R ( P j .  p ) .  co m p le tin g  th e  in d u c tio n  s tep . From  AT C A'p, and  

from  P ro p o sitio n  4.1. p a r t  2. we have th a t  th e  im p lica tio n  (A?=i C R (P , .  p ) )  —> p  holds. 

T h is  im p lica tion , to g e th e r w ith  th e  conclusion  o f th e  in d u c tio n  proof, leads to  th e  desired
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resu lt. T h e  com pleteness o f th e  ru le  follows by noticing  th a t  if P i || • • • || Pn |=  □ p .  th en  by 

d efin itio n  o f CR{-.  p )  we have P i || • • • || Pn N  n ( C R ( P \ . p )  A • • • A C R ( P n . p )) .  I

To c o m p u te  th e  p red ica te  C R ( P . p )  g iven P  and  p .  we p roceed  in two s tep s . F irs t, we 

co m p u te  th e  p red ica te  C t r ( P . p )  defin ing  th e  set o f s ta te s  from  w hich P  is controllable 

w ith  re sp ec t to  th e  safe ty  p ro p e r ty  U p .  T h e  p red ica te  C t r ( P . p )  can  be co m p u ted  using 

A lg o rith m  2.3. T h en  th e  p re d ic a te  CR{ P.  p )  can  be co m p u ted  using  th e  following a lg o rith m , 

w hich in co rp o ra tes  A lg o rith m  2.3 as a  su b ro u tin e .

A lgorithm  4.1
Input: M odule P  an d  p re d ic a te  p.

Output: P red ica te  C R ( P . p )  over A 'p.

Initialization: Let T  =  AL- \  A 'p. an d  Vo =  In i tp  A 3 -P .Y O p . ^ I n i t p  —► ( C t r ( P . p )  A ^ ) j .  

R epeat: For k  >  0. let

n+x = K v 3A> -

Until: V'fc + i = Vi.

Return: \ \ .

For each k  > 0. th e  p red ica te  \ \  over A 'p defines t he set o f s ta te s  o f P  th a t  can  be reached 

in k  o r less s tep s  w hen P  is com posed  w ith  an  env ironm en t E  such th a t  P  || E  Up.  

To u n d e rs ta n d  how th is  p re d ic a te  is co m p u ted , no te th a t  th e  p red ica te  VOp . ( I n i t p  —> 

( C t r ( P . p )  A p ) )  defines th e  se t o f  in itia l valuations for th e  variab les in I p  U T  th a t  are 

safe f o r  the environment :  if one such  v a lu a tio n  is chosen by th e  en v iro n m en t, th e  system  

will s ta r t  in  a  con tro llab le  s ta te  th a t  satisfies p.  regard less o f th e  v a lu a tio n  for th e  o u tp u t 

v ariab les in O p  chosen by th e  m o d u le  P . T h e  ite ra tio n  s tep  follows a  s im ila r idea. If 

defines th e  se t of cu rren t s ta te s ,  th e n  th e  form ula K i : 3A 'p . ( V  ̂A rp)  over ()'P defines th e  

va lu a tio n s for th e  o u tp u t v ariab les th a t  can  be chosen by P  for th e  following s ta te . T h e  

en v iro n m en t m ust choose a  v a lu a tio n  for th e  variables in I'pUiF'  th a t  ensu res th a t ,  regard less 

o f th e  v a lu a tio n  for 0'p  chosen  by th e  m odule, the  successor s ta te  satisfies C t r ' ( P . p )  A p.  

If V'/t defines th e  se t o f c u rre n t s ta te s , th e  set of such v aluations for I'p U T '  is defined by 

the  fo rm ula

K 2 : 3A 'p  . VO'p . ( ( Vk A rp)  —► ( Ctr ' (P.  p )  A p ) ) .

It is th en  easy  to  see th a t  th e  ite ra tio n  s tep  of A lgorithm  4.1 can  be w ritte n  sim p ly  as 

=  A'i A 3JT' . K>. so th a t  K \  co n s tra in s  the next v a lu a tio n  o f th e  o u tp u t variables.

Vk A r p  A 3iF1 . VOp . (^rp —> ( C t r ' ( P . p )  A p)^j
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an d  3T '  . K> co n stra in s  th e  nex t v a lu a tio n  o f  th e  in p u t variables. A lgo rithm s 2.3 an d  4.1 

can be im p lem en ted  en u m era tiv e ly  or sym bolically , an d  th ey  have ru n n in g  tim e  lin ear in 

\ S t a t e s ( X p  U A',;)!. In th e  nex t exam ple , we see how ru le  (4.6) can  enab le  th e  e ra su re  of 

variables th a t  could  not be erased  w ith  ru le (4.5).

Exam ple 4.2 C o n sid er th e  verification  p ro b lem  P[ || P_> f= □</?. w here th e  in v arian t is 

p : ->zi A -iz-t. T h e  m odules have variab les Op, =  { x ^ i / ^ z ,} an d  / p  =  {x-j-i. ~2 - i  }• for 1 <  

i < 2: all th e  variables a re  boo lean . M odule P i has in itia l p red ica te  I n i t p l : ->xi A — t A ->zi. 

an d  has tra n s itio n  p red ica te  Tpl : [x\ =  z->] A [(->X[ A —> (y\ =  f/i)] A [->//i —> (z'[ =  zi)]. 

M odule P> is defined in  a  sy m m etrica l fashion. Inform ally, m odule P i behaves as follows. 

In itially , all variables a re  false. A t each s tep , th e  new value for x i is th e  o ld  value of 

If x i V £■> holds, th en  ;/i can  change value: o therw ise , it re ta in s  its p rev ious value. If tji is 

tru e , th en  zi can  change value: o therw ise , it re ta in s  its p revious value. It is easy  to  check 

th a t  Pi || P> |= ClijS holds.

C o n sid er m odule  P i. T h e  s ta te s  w here Z[ =  T o r :> = T  a re  obviously  no t con­

tro llab le . T h e  s ta te s  w here ;yi = T  are  also no t con tro llab le , since from  these s ta te s  m odule 

Pi can  reach a  s ta te  w here zt =  T regard less o f th e  values o f th e  in p u t variab les r  > an d  

=2 - Likewise, th e  s ta te s  w here x i =  T o r x> =  T are  not con tro llab le , since from  these 

s ta te s  th e  m odule can reach a  s ta te  w here tji = T  regard less o f the  values o f th e  in p u t vari­

ables. T h e  only  con tro llab le  (an d  reachable) s ta te  o f P\ is thus defined by th e  p red ica te  

CR{P\ .^p) : ->xi A —>7/i A ->zi A ->x-2 A ->z->. P red ica te  C R ( p 2 .~p) is defined in a  sy m m etrica l 

fashion. T h e  reach ab ility  p red ica tes  a re  given sim p ly  by Reach (Pi) : T an d  Reach (P>) : T.

R ule (4.6) can  be ap p lied  by tak in g  V'i =  V4 =  { . V i In fact, th e  co m p o site  

m odule P i || (3 Vo .(P 2 & CR(Py. ip)) )  ad m its  on ly  th e  in itia l traces consisting  o f re p e titio n s  

o f th e  s ta te  [xt =  F. y i  =  F. zi =  F .x  > =  F. z> =  Fj. T h is  shows th a t  th e  first p rem ise 

holds: th e  case for th e  second p rem ise is sy m m etrica l. O n  th e  o th e r  h an d , no variab le  

can  be successfully  e rased  using  ru le  (4.5). In fact, if we erase  variab le  tji- th e n  th e  righ t 

h an d  side ex h ib its  th e  in itia l trace  so -s i-  w here so : [xi =  F. i/\ =  F. Z[ =  F .x j  =  F. z-j =  f] 

an d  .si : [xi =  F. ij\ =  F. zi =  F .x?  =  F.z> =  t ] .  T h is  trace  is possib le b ecause  th e  s ta te  

t0 : [ci =  F .z i =  f . x -2 =  F. i] 2  =  T. z-j =  f] over A'p, is reachable , an d  hence it satisfies 

PeacA (P»). an d  agrees w ith  .so on  th e  sh a red  variab les. T h e  trace  is th en  a  consequence o f 

th e  tra n s itio n  from  t0 to  11 : [xi =  F. zi =  F. £ 2  =  F. 1 / 2  =  T- - 2  =  T] P_>. A s im ila r a rg u m en t 

shows th a t  it is no t possib le  to  e rase  th e  v ariab le  x?. I
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4.4 Im plem entation o f the Verification Rules

We have im plem ented the algorithm s described in this chapter in the verification  

tool M o c h a  [AHM + 98]. M o c h a  is an interactive verification environment and it enables, 

among other things, the verification o f invariants using both enum erative and sym bolic  

techniques: for the latter, it relies on the B D D  package and image com putation engine 

provided by V'IS [B H SV + 96]. which we used in our im plem entation.

O ne im p o rta n t tech n iq u e  we use in th e  im p lem en ta tio n  of th e  ru les is th a t ,  in s tead  

of co m p u tin g  th e  a b s tra c t  m odules explicitly , we co m p u te  th em  implicitly.  T h e  idea  is as 

follows: sup p o se  we a re  co m p u tin g  th e  repudiable s ta te s  o f (3 Y p .P )  || (3Y 'q .Q ). A s tra ig h t­

forw ard a lg o rith m  w ould b e  to  first com pu te  th e  two a b s tra c t  m odules, an d  th en  co m p u te  

th e  reachable s ta te s  o f  th e ir  com position . T h is  is very inefficient in te rm s o f th e  usage 

of space. T ran s itio n  re la tio n s  a re  usually  p resen ted  jis a  list of co n juncts  ra th e r  th a n  as 

a  single, larger co n ju n c t. T h e  exp lic it co m p u ta tio n  o f th e  a b s tra c t m odules w ould  im ply  

conjoining all th e  tra n s itio n  re la tio n s  an ti b u ild in g  a  m onolith ic  one: if rep resen ted  as a  

BDD. such a  m ono lith ic  co n ju n c t w ould often  be p roh ib itiv e ly  large. In stead , we q u an tify  

away th e  e rased  variab les o f th e  a b s tra c t  m odules on ly  w hen necessary. ;is for ex am p le  in  th e  

co m p u ta tio n  o f th e  reachab le  s ta te s . For instance , we use th e  following sym bolic  a lg o rith m  

to co m p u te  th e  reachab le  s ta te s  o f th e  parallel com position  o f two a b s tra c t m odules:

Algorithm  4.2
Input: M odides P  an d  Q .  an d  variab les Yp  C A'p \  O q  an d  Yq C  X q  \  ( ) P .

Output: R e a c h ( ( 3 Y p . P )  || ( S Y q . Q ) ) .

Initialization: Let U n  —  3 (V'p U Y'q ) . ( I n i t p  A I n i t Q ) .

Repeat: For k  > 0. let

kfc+i =  U 'k V 3(A 'p U X q  U Yp  U Y q )  . ( U k  a  rp  A rQ ) .

Until: I ' k ~ i  =  U k .

Return: U k -

In th e  b o d y  of th e  loop, we rely  on th e  ea rly  q u an tifica tio n  a lg o rith m  in V'IS to  keep 

the  in te rm ed ia te  B D D s sm all. W ith  th is  schem e, a  m ono lith ic  tran s itio n  re la tio n  is never 

bu ilt. In p a rtic u la r , o u r  im p lem en ta tio n  rep resen ts  a b s tra c t  m odides as p airs  co n sis tin g  o f 

a  concrete  m odu le  an d  o f a  list o f  variables th a t  have been  erased  from  it: such p a irs  a re  

called extended modules.
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In  o rd e r to  ex p e rim en t w ith  th e  verifica tion  ru les proposed  in th is  c h a p te r , we 

im p lem en ted  a  sim p le  sc rip t language, called  s i .  b u ilt  on  to p  o f M o c h a  an d  b ased  on 

the  T c l /T k  A P I. T h e  a lg o rith m s an d  m ethodo log ies desc rib ed  in th is ch a p te r  p rov ide  th e  

th eo re tica l basis o f  th e  com m ands p rov ided  by s i .  T h e  verification ru les p ro p o sed  in th is  

ch ap te r can  be im p lem en ted  as s i  sc r ip ts , an d  th e  lan g u ag e  s i  provides invaluab le  flex ib ility  

for ex p e rim en tin g  w ith  a lte rn a tiv e  form s o f th e  ru les. A n exam ple  o f sc rip t is th e  following, 

which verifies th e  co rrec tn ess o f th e  demarcation protocol  using ru le  (4.5) ( th e  d e m arca tio n  

p ro toco l is d esc rib ed  in S ection  4.5.1).

re ad _ m o d u le
s l_ em
s l _ r e a c h
s l _ r e a c h
s l _ r e s t r i c t
s l _ e r a s e

s l _ r e a c h
s l . r e s t r i c t
s l _ e r a s e

s l_ co m p o se
s l_ c h e c k in v

d e m a rc . rm 
P Q Spec
p h i  em _Spec s
r p  em_P s
P r e s t  rp  em_P
P ab s  P r e s t  P/xw  P /x r  P / r e q l  P / g r a n t 1 P /r e q 2  \

P /g r a n t 2  P /x l u p d l  P /x lu p d 2  P /b u sy
r q  em_Q s
Q r e s t  r q  em_Q
Qabs Q re s t  Q/xw Q /x r  Q / r e q l  Q / g r a n t l  Q /re q 2  \

Q /g ra n t2  Q /x lu p d l  Q /x lu p d 2  Q /busy  
R abs P ab s Qabs
R abs p h i  s

T h e  co m m an d  r e a d jn o d u le  parses th e  file d e m a rc .rm . co n ta in in g  th e  d ec la ra tio n s  o f th e  

m odules P an d  Q. com posing  th e  p ro toco l, an d  S p ec , whose reachable s ta te s  c o n s ti tu te  

th e  invarian t. T h e  com m and  sl_em  P Q S pec b u ild s  th e  ex ten d ed  m odules em J3. em_Q. 

an d  em_Spec from  P. Q. an d  Spec: o f course, th ese  ex ten d ed  m odules have em p ty  se ts  o f 

erased  variab les. T h e  com m and  s l_ r e a c h  p h i  em_Spec s  com pu tes th e  p re d ic a te  p h i  =  

Reach{em_Spec). T h e  p a ram e te r s o f th is  an ti o th e r  com m ands m eans “s ilen t" , i.e.. no 

d iagnostic  in fo rm atio n  is p rin ted . T h e  re s t o f th e  sc r ip t checks th a t  em_P || em_Q D p h i 

using ru le  (4 .5). F irs t, th e  com m ands s l_ r e a c h  an d  s l _ r e s t r i c t  a re  used to  co m p u te  r p  =  

Reach(emJP) an d  P r e s t  =  (em_P& :rp). T h en , th e  co m m an d  s l_ e r a s e  erases a  specified  list 

o f variab les from  P r e s t .  p ro d u c in g  th e  ex ten d e d  m odu le  P ab s. As d iscussed  ea rlie r, th e  

com m and  s l . e r a s e  perfo rm s no ac tu a l co m p u ta tio n , b u t  sim ply  ad d s th e  specified  variab les 

to  th e  list o f e ra sed  variab les. T h e  ex ten d e d  m o d u le  Qabs is co n s tru c ted  in a n  ana logous 

fashion. F inally , th e  com m and  sl_ co m p o se  com poses P ab s  an d  Qabs in to  a  sing le ex ten d e d  

m odule R abs. w hich  is checked ag a in st th e  sp ec ifica tio n  □ p h i  by com m and  s l_ c h e c k in v .
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A p art from  these  com m ands, we also  have im p lem en ted  com m an d s includ ing  

s l .w c o n t r  a n d  s l . c o n t r r e a c h .  which to g e th e r  co m p u te  th e  p red ica te  C R(P. ip )  given a  

m odu le  P  an d  a  p red ica te  ip.

4.5 Experim ental Results

To d em o n s tra te  th e  effectiveness o f th e  p roposed  ap p ro ach  to  m o d u la r verification, 

we co m p are  th e  tim e an d  m em ory req u irem en ts  o f  g lobal s ta te -sp ace  ex p lo ra tio n  w ith  those  

o f ru le  (4.5) an d  ru le  (4.6). We do not co m p are  o u r  ap p ro ach  w ith  o th e r  m o d u la r verification  

ap p ro ach es, since these  approaches involve user in te rv en tio n  for th e  co n s tru c tio n  o f th e  

en v iro n m en ts . By m anually  co n stru c tin g  th e  en v iro n m en ts  o r th e  a b s tra c tio n s  it is possib le 

to  im prove on  o u r resid ts.

We consider th ree  exam ples: a  d e m arca tio n  p ro toco l used in d is tr ib u te d  d a tab ases , 

a  token -ring  a rb ite r , an d  a  slid ing-w indow  p ro to co l for d a ta  com m unication . All ex p eri­

m ents have been  ru n  on a 233 MHz P e n tiu m ®  II P C  w ith  128MB m em ory ru n n in g  Linux. 

We re p o rt th e  m em ory usage by g iving th e  m ax im um  n u m b er o f BD D nodes used in any 

fixpo in t co m p u ta tio n  o r pred icate: th is  is e ssen tia lly  th e  m axim um  n u m b er o f BDD nodes 

used a t  any  single tim e d u rin g  verification. We also  re p o rt th e  to ta l C P U  tim e: th is  tim e 

does n o t include sw ap ac tiv ity  (swap a c tiv ity  was in any  case very lim ited  for all exam ples 

re p o rted ). T h e  a u to m a tic  variable reo rd erin g  h eu ris tics  o f M o c h a  were en ab led  d u rin g  the  

ex p e rim en ts . We rem ark  th a t  differences in tim e  o r m em ory  usage o f up  to  a  fac to r o f 2 a re  

no t s ign ifican t, since th ey  can  easily be p ro d u c ed  by a  v aria tio n  in th e  a u to m a tic  choice of 

v ariab le  o rdering .

4 .5 .1  D em a rca tio n  p rotoco l

We consider an  instance o f th e  d e m arca tio n  p ro toco l described  in S ection  3.4.1. 

T h e  p ro to co l en su res th a t  two d a tab ases , re s id in g  a t  sites I an d  2. never sell m ore th a n  the  

m ax im u m  availab le  nu m b er of seats rn a b o a rd  a  p lane. T h e  variab les X[ a n d  £■> ind ica te  

th e  n u m b er o f sea ts  th a t  have been so ld  a t  s ites  1 an d  2. Each site  can b o th  sell sea ts , 

a n d  receive sea ts  re tu rn ed  due to  can ce lla tio n s. In  o rd e r to  m inim ize th e  co m m u n ica tio n  

betw een  two sites , each s ite  i =  1.2 m a in ta in s  a  variab le  x i t in d ica tin g  th e  m ax im um  nu m b er 

o f  sea ts  it can  sell autonom ously . If a  s ite  w ishes to  sell m ore sea ts  th a n  th is  lim it allows, 

th e  s ite  can  sen d  a  request to  the  o th e r  s ite  for m ore sea ts . D epend ing  on  th e  n u m b er of
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unsold  sea ts , th e  o th e r  s ite  has th e  o p tio n  o f re jecting  th e  req u est, o r  o f g ran tin g  it in p a rt 

o r in full.

W e m odel each  s ite  i =  1.2 by a  m odu le  Pt; th e  sp ec ifica tio n  is □ [(jq  <  .r / t ) A(s-) <  

sl>) A (s i i  -r s i )  < m )]. Each o f Pi a n d  Po con tro ls 20 variab les, o f  w hich 8 are  used for 

co m m u n ica tio n  w ith  th e  o th e r  m odule o r a p p e a r  in th e  in v arian t, an d  12 are  in te rna l. 

R ule (4.5) en ab le  th e  e ra su re  o f 9 of these 12 variab les in each o f P i an d  P>: all o f these 

variab les a re  in th e  cone o f influence o f th e  spec ification . T ab le  4.1 below  com pares th e  tim e 

an d  space req u irem en ts  o f g lobal s ta te  space ex p lo ra tio n  w ith  th o se  o f ru les (4.5) an d  (4.6). 

for various values o f rn. To check the  ro b u stn ess  o f ru le  (4.5) ag a in s t changes in th e  sy stem  

m odel, we also  w ro te  an  a lte rn a tiv e , som ew hat m ore com plex  m odel for th e  d em arca tio n  

p ro toco l. For tn =  4. th e  verification o f th e  a lte rn a tiv e  m odel req u ired  136156 BDD nodes 

an d  200!) seconds w ith  the  global app roach , an d  18720 BDD nodes an d  211 seconds w ith  

ru le  (4.5).

G lob; il R ule (4.5) R ule (4.6)
rn BDD  node's seconds BDD nodes seconds B D D  nodes seconds
4 2 0 8 8 1 97 2847 25 8695 75
6 64345 439 3338 40 20953 218
8 179364 1671 8367 81 43915 517

10 633102 8 10  ( 10475 112 65410 1878
12 space-ou t - - 15923 174 93295 1980
14 sp ace-o u t 22205 300 145676 3913

T ab le  4.1: E xperim en t re su lts  on th e  d em arca tio n  p ro toco l.

4 .5 .2  T oken  rin g  arb iter

T h e  second  exam ple  is a  synchronous token-ring  a rb ite r . It involves a  ring  o f rn s ta ­

tions. a ro u n d  w hich a  single token  is passed  u n id irec tio n a ily  th ro u g h  four-phase  han d sh ak e  

p ro toco ls . T h e  in v a rian t s ta te s  th a t  th e re  is a t m ost one token  p resen t in th e  s ta tio n s . A 

s tra ig h tfo rw ard  in v arian t w ould involve n early  all th e  variab les in th e  sy stem , a n d  be ra th e r  

ted io u s to  w rite . H ence, we in troduce  observer  modules  th a t  o bserve the  n u m b er o f tokens 

in  th e  sy stem . To en ab le  th e  decom position  o f th e  rin g  in to  tw o m odu les P i an d  P> rep ­

re sen tin g  th e  h a lf-rings, we in tro d u ce  two such  observers, one for each  half. We were ab le  

to  e rase  all th e  variab les used for the  in te rn a l co m m unica tions a n d  s ta te  o f th e  half-rings.
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even th o u g h  th ese  variab les clearly  belong to  th e  cone o f influence o f th e  invarian t. Each 

h a lf  rin g  con tro ls  1 4- brn/2  variables: o f these, all b u t 4 cou ld  be erased . In T ab le 4.2 we 

co m p are  th e  p erfo rm an ce  o f global s ta te -sp ace  ex p lo ra tio n  a n d  o f ru les (4.5) an d  (4.6).

G lobal R ule (4.5) R ule (4.6)
rn BD D  nodes seconds BDD nodes seconds BD D  nodes seconds
16 657 8 979 7 608 8
20 466 10 1619 9 308 12
24 1138 22 1297 26 473 20
28 1300 39 3486 24 519 29
32 1187 110 3190 143 772 143
36 1323 611 8230 242 1346 195

T ab le  4.2: E xperim en t re su lts  on th e  to k en -rin g  a rb ite r.

4 .5 .3  S lid in g  w in d ow  p ro toco l

O u r last ex am p le  is a  classical slid ing  w indow s p ro to co l from  [Hol'Jl]. w hose encod­

ing is taken  from  th e  M o c h a  d is tr ib u tio n . T h e  p ro toco l assum es a  sender send ing  m essages 

to  a  receiver th ro u g h  a  lossy channel w ith  delays. Each m essage has a  sequence n um ber 

w hich is used by th e  receiver to  reo rder th e  received m essages as well as for acknow ledgm ent. 

T h e re  is a  window size rn w hich specifies th e  m axim um  n u m b er o f o u ts tan d in g  acknow ledg­

m en t th e  sen d e r can  to le ra te : once th e re  a re  rn o u ts ta n d in g  acknow ledgm ent, th e  sender 

s to p s  sen d in g  m essages u n til it receives acknow ledgm ent for th e  o ldest, unacknow ledged 

m essage. Let n  be th e  sequence n u m b er for th is  m essage. Let k  be th e  sequence n um ber 

o f th e  o ldest m essage th a t  has not a rrived  on th e  receiver side yet. T h e  invarian t s ta te s  

essen tia lly  th a t  th e  w indow s a re  not over-run  by th e  p ro to co ls , th a t  is. k  — n < m.

In  b o th  th e  sen d e r an d  th e  receiver, rough ly  h a lf  o f th e  variables not used for 

co m m u n ica tio n  w ith  th e  o th e r  m odule can  be e rased  w hen ap p ly in g  ou r m o d u la r app ro ach . 

T h e  com parison  betw een th e  perform ance o f g lobal s ta te -sp a ce  ex p lo ra tio n  an d  rules (4.5) 

a n d  (4.6) is p resen ted  in T ab le  4.3.

4 .5 .4  D iscu ssio n

T h e  ex p e rim en ta l re su lts  in d ica te  th a t  th e  p ro p o sed  ap p ro ach  leads to  a  consid­

e rab le  red u c tio n  in th e  tim e  an d  space req u irem en ts  for th e  verification process. In th e
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G lobal R ule (4.5) R ule (4.6)
m B D D  nodes seconds BDD nodes seconds B D D  nodes seconds
3 8992 35 776 12 2443 33
4 11831 99 1723 41 3740 42
5 36359 1911 3843 84 8503 105
6 94684 4994 7048 156 18316 500
7 95667 2630 8282 513 22289 771
8 sp ace-o u t - 26611 1582 47605 6245

T ab le  4.3: E x p erim en t reu lts  on  th e  slid ing  w indow  p ro toco l.

exam ples we co n sid ered , we identified  which variab les cou ld  be  e rased  in th e  ap p lica tio n  of 

ru le  (4.5) by a  s im p le  tr ia l-a n d -e rro r process. We can  a u to m a te  th is  process by providing.

for each m odu le  P .  a  list { x [  C O p  o f variab les o f P  th a t  a re  not p a rt o f th e

specification , a n d  th a t  a re  no t accessed by o th e r m odules. We list first th e  variables th a t  

a re  m ore likely to  b e  successfu lly  erased: those th a t  a re  m ore •in ternal"  to  th e  m odule, an d  

th a t  in te ra c t w ith  fewer o th e r  variables. We th en  ap p ly  ru le  (4.5) successively w ith  th e  sets

of erased  variab les { x [  xjt}. { x i  { x [  J ' k - i }  u n til th e  ru le  succeeds.

T h is process is efficient in p rac tice . In fact, th e  m ore variab les a re  e rased , th e  sm aller is th e  

s ta te  space o f th e  a b s tra c t  m odules: hence if too  m any  variab les a re  e rased , the  rule will 

fail in a  frac tio n  o f th e  tim e requ ired  for a  successful proof.

In th e  th re e  exam ples considered, th e  s tro n g e r reach ab ility  p red icates used to  

co n s tru c t th e  a b s tra c t  m odu les in ru le  (4.6) d id  no t en ab le  th e  e ra su re  o f any  ad d itio n a l 

variable. In th e  d em a rc a tio n  p ro toco l and  in th e  slid ing  w indow  p ro to co l exam ples, th e  

ab ility  o f ru le  (4.5) to  e rase  variab les on b o th  sides o f  th e  para lle l co m p o sitio n  o p e ra to r led 

to  su p e rio r re su lts  co m p ared  w ith  ru le  (4.6). In th e  token  rin g  a rb ite r  exam ple , m odule P, 

has m any m ore reach ab le  s ta te s  in  a  com pletely  general en v iro n m en t th a n  in an  env ironm ent 

co m p atib le  w ith  th e  spec ifica tion , for i =  1.2. H ence, th e  p red ica tes  Reach ( P , ) are m uch 

w eaker (an d  tak e  m ore tim e an d  space to  co m p u te ) th a n  th e  p red ica tes  CR( Pt . for 

i =  L.2. For th is  reason , ru le  (4.6) perform s b e t te r  th a n  ru le  (4.5) in th is  exam ple.

If  th e  p rem ise  o f ru le  (4.5) does not ho ld , we can  co n stru c t au to m atica lly  a  trace  

over th e  variab les in  \  ^«)* leading to  a  s ta te  th a t  does no t sa tisfy  T h is trace

is a  trace  over a  p a r tia l  se t o f  sy stem  variables, an d  it does no t necessarily  correspond  to  

a  co u n te rex am p le  to  th e  conclusion . If th e  first p rem ise  o f  ru le  (4.6) does not hold, th en
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using facts a b o u t co n tro llab ility  we can  reco n stru c t a u to m a tica lly  a  co u n te rex am p le  trace  

over th e  com plete  set o f sy stem  variab les. O n  th e  o th e r  h an d , if th e  second p rem ise o f 

ru le  (-1.6) does n o t hold for som e 1 <  i  < n .  th en  we o b ta in  a  tra c e  over a  p a r tia l set o f 

system  variables th a t  leads to  a  s ta te  t, w here th e  p re d ic a te  C'R{PL.*p) does no t hold. From  

£,. using facts a b o u t  co n tro llab ility  we can  ag a in  co n s tru c t a  trace  over th e  com plete  set o f 

system  variables th a t  leads to  a  s ta te  w here does n o t hold. W hen  co n fro n ted  w ith  a  trace  

over a  p a r tia l se t o f variab les, we have tak en  th e  naive ap p ro ach  o f selectively  un-erasing  

som e variables in  th e  prem ises, u n til e ith e r th e  p rem ises becam e valid , o r  th e  design  e rro r 

could  be identified .
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C hapter 5

C om position  and C ontrol

5.1 Introduction

T h e  fo rm ulation  of th e  con tro l p rob lem  bu ild s on th e  n o tio n  o f parallel com po­

sition : given a  tra n s itio n  sy stem  P  ( th e  "p la n t" ) , is th e re  a  tra n s it io n  system  Q  (th e  

"con tro lle r") such th a t  th e  co m p o u n d  sy stem  P ||Q  m eets a  given ob jec tive?  Hence it is 

no t su rp ris in g  th a t  even sm all v aria tio n s in th e  defin ition  o f  co m p o sitio n  m ay influence' the  

o u tco m e o f th e  con tro l p rob lem , as well as th e  h ard n ess  o f its  so lu tio n . (T h e  la tte r  d is tin ­

g u ishes con tro l from  verification, w hose com plex ity  P S P A C E  for in v arian t verification— 

is rem ark ab ly  resilien t ag a in st changes in th e  defin ition  o f  p ara lle l com position .) At th e  

h ighest level, one can  d is tin g u ish  betw een  asy nchronous a n d  sy n ch ro n o u s form s o f com ­

p o sitio n . P u re  asynchronous (or in terleav ing) com p o sitio n  is d is ju n c tiv e : one com ponent 

p roceeds a t a  tim e, so th a t  an  ac tio n  o f th e  co m p o u n d  sy stem  is a n  ac tio n  o f som e com po­

nen t. P u re  synchronous (or lock-step) com p o sitio n  is con junctive: all com ponen ts proceed 

sim u ltaneously , so th a t  an  ac tio n  o f th e  co m p o u n d  sy stem  is a  tu p le  o f ac tio n s , one for each 

co m p o n en t. W hile  m any concu rren cy  m odels ex h ib it m ixed  form s o f com position  (e.g.. 

in terleav ing  of in te rn a l ac tions an d  sy n ch ro n iza tio n  o f co m m u n ica tio n  ac tio n s [Mil89]). it 

is n a tu ra l  to  s ta r t  by considering  th e  con tro l p rob lem  for th e  two p u re  form s o f com posi­

tion . T h e  s tu d y  o f these con tro l p rob lem s co rresp o n d s to  th e  s tu d y  o f w inn ing  cond itions of 

g am es, w here th e  two players (p lan t vs. con tro ller) choose m oves (ac tions) to  preven t (resp . 

accom plish ) th e  con tro l ob jective .

In p rac tice , th e  m ost im p o rta n t con tro l o b jec tiv e  is invariance: th e  con tro ller 

s triv es  to  forever keep th e  p lan t w ith in  a  safe set o f  s ta te s . T h e  p rob lem  o f invariance
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con tro l can be solved by a  fixed-po in t ite ra tio n : first, we find a  s tra te g y  th a t  keeps th e  

p lan t safe for a  single s tep : th en , a  s tra teg y  th a t  keeps th e  p lan t safe for two steps: etc. 

We hencefo rth  refer to  invariance  con tro l as th e  "m ulti-s tep"  co n tro l p rob lem , an d  to  the  

p rob lem  o f keeping th e  p lan t safe for a  single step , as th e  "sing le-step" con tro l problem . 

T h is  allows us to  s e p a ra te  concerns: th e  defin ition  o f p ara lle l co m p o sitio n  en ters  th e  so lu tion  

o f th e  sing le-step  p rob lem , b u t  in d ep en d en tly  o f the  ty p e  o f co m p o sitio n , th e  m u lti-s tep  

prob lem  can  alw ays be solved by ite ra tiv e ly  solving sing le-step  p ro b lem s. In o th e r words, 

we can  in d ep en d en tly  s tu d y  (I)  th e  sing le-step  con tro l p rob lem , an d  th e  defin ition  o f parallel 

com position  plays a  c e n tra l role in th is  study , or  (2) th e  m u lti-s tep  co n tro l p rob lem  (for 

invariance o r even m ore genera l. a> regu lar ob jectives), assu m in g  to  be  given a  so lu tion  

to  th e  sing le-step  p rob lem . W hile  (2) has been  researched  ex tensive ly  in th e  lite ra tu re  

[BL69. G H 82. RW 87. E.J9L. M cN 93. T W 94. Tho95]. it is ( I )  we focus on  in th is  ch ap te r.

We assum e th a t  th e  p lan t P  is specified in a  co m p ac t form , by a  tra n s itio n  p red ica te  

on boolean  variables, so th a t  th e  s ta te  space o f P  is ex p o n en tia lly  la rg er th a n  the  d escrip tion  

o f P.  w hich is th e  in p u t to  th e  co n tro l problem . For so lv ing th e  m u lti-s tep  con tro l problem , 

th e  n um ber o f sing le-step  ite ra tio n s  is bo u n d  by the  n u m b er o f s ta te s . T herefore, if the  

sing le-step  p rob lem  can  be so lved in exponen tia l tim e, th e n  so can  th e  m u lti-s tep  problem . 

Conversely, it can  be show n th a t  even if th e  single-step  p rob lem  can  be solved in co n stan t 

tim e, th e  m u lti-s tep  p ro b lem  is s till  com plete  for E X P (d e te rm in is tic  ex p o n en tia l tim e). 

T h is  seem s to  ind ica te  th a t  th e  s ing le-step  p roblem  is o f li tt le  in te re s t, an d  it m ay exp lain  

why not m uch a tte n tio n  has b een  p a id  to  th e  single-step  p rob lem  previously . To ou r su rp rise , 

we found th a t  for c e r ta in  n a tu ra l  forms o f paralle l co m p o sitio n , th e  sing le-step  con tro l 

p rob lem  can  not  be solved in (d e te rm in is tic ) ex p o n en tia l tim e , an d  th e re fo re  its com plexity  

do m in a tes  also th e  one o f m u lti-s tep  control.

An essen tia l p ro p e rty  o f  system s is to  be non-blocking,  in  th e  sense th a t  every 

s ta te  sh ou ld  have a t  least one successor s ta te  [BG88. H al93. K ur94 . Lyn9fi]. N on-blocking 

is essen tia l for co m p o sitio n a l techn iques such as assu m e-g u aran tee  reaso n in g  [AL95. M cM 97. 

AH99]. In con tro l, non-b lock ing  m eans th a t  th e  con tro ller sh o u ld  never p reven t th e  p lan t 

from  m oving. W hile th e  asy n ch ro n o u s com position  o f  non-b lock ing  processes is always 

non-blocking, synchronous co m p o sitio n  needs to  be re s tr ic te d  to  en su re  non-blocking. A 

second kind  o f re s tr ic tio n  arises from  m odeling "typed" co m p o n en ts , w here th e  ty p e  specifies 

th e  in p u t p o rts  an d  o u tp u t  p o rts  o f  a  com ponen t, as well as p e rm issib le  an d  im perm issib le  

dependencies betw een in p u t a n d  o u tp u t  signals [AH99]. In  p a r tic u la r , h a rd w are  com ponen ts
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are  u sually  ty p ed  in  th is  way. for exam ple , in o rd e r to  avoid co m b in a tio n a l loops o r zero- 

delay  cycles. In con tro l, if we re s tr ic t o u r a tte n tio n  to  ty p ed  con tro llers , th en  a  co n tro lle r 

m ay n o t exist even w hen an  u n ty p ed  co n tro lle r w ould ex ist. T h ese  two k inds o f com m on 

re s tr ic tio n s  on  synchronous co m p o sitio n , non-b lock ing  an d  ty p in g , a re  re la ted , as ty p in g  can  

be  used for sy n tac tica lly  en fo rc ing  th e  sem an tic  concep t o f non-b lock ing  for synchronously  

com posed  system s.

If th e  p lan t is given by a  b o o lean  tra n s itio n  p red ica te , a n d  para lle l com position  

is asynchronous, th e n  s in g le-s tep  con tro l am o u n ts  to  ev a lu a tin g  th e  co n ju n c tio n  o f a  V for­

m ula  ("a ll ac tions o f th e  p la n t a re  safe” ) an d  an  3 form ula ("som e ac tio n  o f th e  con tro ller 

is safe"). Hence, th e  com plex ity  chiss o f a synchronous sing le-step  co n tro l is D P  (w hich con­

ta in s  th e  differences o f  languages in N P ). For synchronous sy stem s, th e  various re s tr ic tio n s 

on com position  give rise to  d ifferen t co n tro l problem s. O ne way o f en su rin g  non-b locking  

is to  consider on ly  M oore processes. A M oore process is a  non-b locking  process in which 

th e  nex t values o f th e  o u tp u t  signals do  no t d ep en d  on  the  nex t values of th e  in p u t signals. 

T h e  com position  o f M oore processes is ag a in  M oore, an d  th ere fo re  non-blocking. If b o th  

th e  system  an d  th e  co n tro lle r a re  M oore processes, th en  th e  s ing le-step  con tro l fo rm ula has 

th e  q uan tifier prefix 3V (" th e  co n tro lle r can  choose th e  new in p u t signals, so th a t  regard less 

o f th e  new o u tp u t signals, th e  system  is safe").

A m ore libera l way o f en su rin g  non-b locking  is to  consider ty p ed  processes, i.e.. 

p rocesses th a t exp lic itly  specify  th e  d ependencies betw een th e  new  values o f in p u t a n d  o u t­

p u t signals. We d is tin g u ish  betw een  "sta tic "  types, w here th e  in p u t-o u tp u t dependencies 

a re  fixed, "dynam ic" types, w here  th e  d ependencies can  change from  s ta te  to  s ta te , an d  

"dependen t"  types, w here th e  d ependencies unfo ld  in s tep s  as th e  n ex t-s ta te  variab les ac­

q u ire  values. D ynam ic ty p es  m ay be com posed e ith e r  " sy n tac tica lly "  (by req u irin g  th a t 

all possib le com binations o f d ep en d en cy  re la tio n s o f th e  co m p o n en t processes a re  acyclic), 

o r "sem antically" (by re q u ir in g  acyclicity  a t all s ta te s  o f th e  co m p o u n d  sy stem ). S ta tic , 

d y n am ic  an d  d ep en d en t ty p es  en su re  th a t th a t  th e  co m p o u n d  sy stem  is ag a in  ty p ed , an d  

therefo re  non-blocking. VVe consider two v arian ts  o f th e  ty p ed  con tro l p roblem s: one in 

w hich we are free to  choose b o th  th e  con tro ller an d  its  ty p e , a n d  one in w hich  we m ust 

find a  con tro ller o f  a  specified  ty p e . If  we can  choose th e  ty p e  o f th e  con tro ller, th e  co n tro l 

p rob lem  can be solved by considering  for th e  co n tro lle r an  ex p o n e n tia l n u m b er o f  types o f a 

sim p le  form, nam ely, ty p es th a t  rep resen t linearly  o rd e red  in p u t-o u tp u t dependencies. T h e  

sing le-step  con tro l p ro b lem  re su ltin g  from  each lin ear o rd e r o f d ependencies gives rise to  a
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boo lean  form ula w ith  a  linear q u an tif ie r  prefix , w ith  any  n u m b er o f V3 a lte rn a tio n s , w hich 

p u ts  th e  p rob lem  in to  P S P A C E . If  th e  ty p e  of th e  desired  co n tro lle r is given, th e  single- 

s tep  con tro l p rob lem  becom es co n sid erab ly  h ard er. T h is  is because  a  (s ta tic  o r dynam ic) 

ty p e  m ay specify p a r tia lly  o rd e red  in p u t-o u tp u t dependencies. T h ese  p a rtia lly -o rd e red  

dependencies co rresp o n d  to  b o o lean  form ulas w ith  p a r tia lly  o rd e red  (H enkin) quan tifiers  

[H enfil. VValTO. BG86]. w hose co m p lex ity  class for sa tisfiab ility  is N E (a  weak form  o f non- 

d e te rm in is tic  ex p o n en tia l tim e) [GLV95].

T h e  so lu tion  o f co n tro l p rob lem s in presence o f types gives rise to  ad d itio n a l su r­

p rising  phenom ena. For exam ple , w ith  s ta tic  o r  sy n tac tica lly  com posed  d y n am ic  types, two 

s ta te s  $ an d  t m ay b o th  be co n tro llab le  even th o u g h  th e re  is no t a  sing le con tro lle r th a t  

con tro ls b o th  s an d  t (tw o d ifferen t con tro lle rs  a re  req u ired ). H ence, w hile ty p es  provide an  

efficient m echanism  for en su rin g  th e  non-b lock ing  o f synchronously  com posed  system s, th ey  

cause difficulties in con tro l. O n  th e  o th e r  h an d , these d ifficulties a re  o ften  not artific ia l, b u t 

th ey  co rrespond  to  real in p u t /o u tp u t  co n s tra in ts  in th e  design o f con tro llers.

C o m b in a tio n a l or zero-delay loops in synch ronous system s have been  s tu d ied  be­

fore. W olf [Wol95] in her thesis recognized th a t  som e behav iors o f a  syn ch ro n o u s c ircu its  

can n o t be  rep resen ted  by boo lean  re la tio n s: for in stance , th e  b eh av io r th a t  som e signals 

m ay no t s tab ilize  can n o t be c a p tu re d  by b oo lean  re la tions. She called  th is  th e  "d isap p earin g  

loop behavior" p rob lem  an d  th ey  resolve it by w orking on th ree -v a lu e  logic. M alik [MaI94] 

gave a  procedure  to  to  d e te rm in e  if a  c ircu it w ith  co m b in a tio n a l loop is w ell-behaved — 

nonblocking  in o u r term inology. S h ip le  et. al.[SBT96] b u ilt on M ailk 's  work a n d  defined 

th e  co n stru c tiv e  sem an tics for syn ch ro n o u s languages such as E stere l [Ber99]. C o n stru c tiv e  

sem an tics gives a  sufficient an d  necessary  co n d itio n  for a  m odel d esc rib ed  in a  synchronous 

language, such as E stere l an d  L u stre , to  be realizab le as a  physical o b jec t: m ore specifically, 

an  e lec trical c ircu it d escrib ed  by a n  synchronous language is co n s tru c tiv e  if a n d  only  if it 

s tab ilizes in b o u n d ed  tim e for all g a te  a n d  w ire delays in th e  c ircu it. However, th e  defin ition  

o f co n stru c tiv e  sem an tics is no t b ased  011 gam es an d  hence is no t ap p licab le  for s tu d y in g  

con tro l. We show th a t  th e  co n s tru c tiv e  sem an tics [Ber99] can  be defined  using  d ep en d en t 

types, an d  hence o u r  re su lts  a re  also  ap p licab le  to  synch ronous system s such as E stere l 

w hich have co n stru c tiv e  sem an tics.

A note on the definition o f a m odule. We requ ire  non-b lock ing  to  be a  p ro p e rty  th a t  

holds a t  every  s ta te  o f a  m odule. M oreover, o u r m ain  focus is on  th e  sing le-step  con tro l 

p roblem . Hence, th e  th e  in itia l s ta te s  o f a  m odu le  do no t p lay  any  role in o u r investigation .
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To sim plify  p re sen ta tio n , we there fo re  m odify  th e  defin ition  o f a  m odu le  P  =  {Op.  I p .  rp)  

to  b e  a  trip le  th a t  co n ta in s  th e  o u tp u t  variab les O p .  in p u t variab les I p  a n d  a  tra n s it io n  

p red ica te  rp . All o th e r  defin itions defined  in  C h a p te r  2 rem ain  th e  sam e.

5.2 T ypes for Synchronous C om position

5 .2 .1  A syn ch ron ou s m o d u les

G iven two co m posab le  m odules P  an d  Q.  T h e  asynchronous  ( in ter leaving ) co m ­

posi tion P \ Q  is th e  m odu le  w ith  th e  sam e o u tp u t an d  in p u t variab les as P\ \Q.  b u t w ith  

th e  tran s itio n  p red ica te  r P |g  =  ( ( rp  A ( O ' q  =  O q ) )  V  (tq A (O'p =  O p ) ) ) .  R ecall th a t  a 

m odu le  P  is non-blocking  if every  s ta te  has a  successor. T h e  asy n ch ro n o u s co m p o sitio n  o f 

two com posable non-b locking  m odides is aga in  non-blocking. H ence, we say th a t  an y  two 

com posab le  non-b locking  m odules a re  async-composable.  However, th e re  a re  co m posab le  

non-b locking  m odules whose synchronous com position  is not non-blocking.

Exam ple 5.1 Let m odule P  be such th a t  O p  =  {x[-. Ip  =  {//}. a n d  rp  = ((;/ A —x ')  V 

( - o /  A x ') ) .  Let m odule Q  be such th a t  O q  =  {;/}•. I q  =  {x}. an d  t q  =  ( (x 'A  f / )V ( -> x 'A ->•//)). 

T h e n  P  and  Q  a re  non-b locking  a n d  com posable . However, th e  tra n s itio n  p red ica te  o f  P \ \Q  

is unsatisfiab le . i.e.. no s ta te  o f  P | |Q  has a  successor. I

It requires ex p o n en tia l tim e to  check if a  m odule P  is non-blocking, w hich a m o u n ts  to 

ev a lu a tin g  th e  boo lean  fo rm ula (V A 'p )(3A p) rp .  To e lim in a te  th e  need for th is  ex p o ­

n en tia l check w henever two m odules a re  com posed  synchronously , we define five increasing ly  

la rger classes o f m odules for w hich th e  non-b lockingness of synchronous co m p o sitio n  can  be 

checked efficiently.

5 .2 .2  M oore m od u les

A Moore module  is a  m odu le  w hich (a) is non-blocking, a n d  (b) th e  nex t values 

o f o u tp u t  variab les do  no t d ep e n d  on  th e  next values o f in p u t variables: th a t  is. for all 

s ta te s  s . t. an d  u. if r p |s  U t ']  a n d  t [Op\ — u[Op\.  th en  rp [ s  U i i '|.  T h ese  two co n d itio n s  

can  be  enforced sy n tac tica lly , in a  way th a t  p e rm its  checking in linear tim e . For ex am p le , 

th e  tran s itio n  p red ica te  o f a  M oore m odu le  m ay be  specified as a  set o f  n o n d e te rm in is tic  

g u a rd ed  com m ands, one for each  p rim ed  o u tp u t  variab le  x ' in O'p. T h e  g u a rd ed  co m m an d
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for x '  assigns a  value to  x '  such  th a t  (a) one o f  th e  g u ard s negates th e  d is ju n c tio n  o f th e  

o th e r  g u ard s, an d  (b) th e  g u a rd s  a n d  th e  rig h t-h an d  sides of all a ssignm en ts co n ta in  no 

p rim ed  variab les. T h e  syn ch ro n o u s co m p o sitio n  o f two com posable M oore m odu les is aga in  

a  M oore m odule, an d  th ere fo re  non-b locking . Hence, we say th a t  any  two com posab le 

M oore m odules are  moore-composable.  However, since m any non-blocking m odules a re  not 

M oore m odules, m ore general ty p es o f  m odules are o f in terest.

Exam ple 5.2 In d ig ita l c ircu its , a  ty p ica l exam ple  o f a  M oore m odu le  is a  buffer. For ex­

am p le . it luis o u tp u t variables O p  =  {x}. in p u t variables I p  = {y}  an d  tra n s itio n  p red ica te  

TP — (lJ A x 1) V (-1  y  A -ix ') . In g u a rd ed  com m ands, th is can  be w ritten  as Q T —> x '  = y. I

5 .2 .3  S ta tica lly  ty p ed  m o d u les  (or R ea ctiv e  M od u les [A H 99])

A dependency relation for a  m odule P  is an  acyclic b inary  re la tio n  X C O p  x X p  

betw een  th e  o u tp u t variables a n d  th e  m odule variab les (acyclicity  m eans th a t  th e  transitive? 

c lo su re  is irreflexive). T h e  m odu le  P  respects th e  dependency  re la tio n  >- a t s ta te  s if. for 

all s ta te s  t w ith  rpf.s U t 'J. for each  su b se t Y ‘ C Ip  o f in p u t variables, an d  for each  tru th -  

value assignm en t u ‘ to  th e  variab les in V'1. th e re  is a  s ta te  u w ith  rp j.s U n'j) such th a t 

/i[V ‘] =  a1. an d  u[Z] =  t[Z] for Z  = { z  6  X p  | (n o t -  x "  ij) for all y  €  V'1)-. w here >-' is the  

reflex ive-transitive  closure o f >-. A statically typed module  ( P. x  p ) consists  o f a  m odule P  

an d  a  d ep en d en cy  re la tio n  for P.  such  th a t  (a) the  m odule P  is non-b locking , an d  (b) the  

m odu le  P  re spects  th e  d ep en d en cy  re la tio n  X p  a t all s ta te s . T hese  tw o co n d itio n s, as well 

as th e  acyclicity  requ irem en t on d ep en d en cy  re la tions, can be enforced  sy n tac tic a lly  in a  

way th a t  p e rm its  checking in lin ea r tim e. For exam ple , we m ay use g u a rd ed  co m m an d s as 

w ith  M oore m odules, excep t th a t  th e  g u ard s  an d  th e  rig h t-h an d  sides o f ass ig n m en ts  are 

allow ed to  co n ta in  p rim ed  variab les w ith  th e  following proviso: if th e  g u a rd ed  co m m an d  for 

x '  co n ta in s  a  prirned variab le  y ' . th e n  x  X p  y.  We refer to  the  d ep en d en cy  re la tio n  X p  of 

a  s ta tic a lly  ty p ed  m odule ( P .X p )  as a  static type for th e  m odule P .  N ote th a t  if x '  is a 

d ep en d en cy  re la tio n  for P .  an d  X p  is a  su b se t o f x \  th en  x '  is also a  s ta tic  ty p e  for P.

E very non-blocking m o d u le  has a  s ta tic  type  (have each o u tp u t  variab le  d ep en d  

on  all in p u t variab les). H ence, th e re  are  com posable m odules w ith  s ta tic  ty p es whose 

synchronous com position  does n o t have a  s ta tic  type. However, s ta tic  ty p es  suggest a  

sufficient co n d itio n  for th e  ex is ten ce  o f co m p o u n d  s ta tic  types w hich can  b e  checked ef­

ficiently. T w o s ta tic a lly  ty p ed  m odu les (P .X p )  an d  (Q.  X q) a re  s ta tic a lly  com posable .
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o r static-composable.  if (1) th e  m odu les P  an d  Q  a re  com posable . an d  (2) th e  re la tio n  

^PIIQ =  > p l l  > q is acyclic. T h en , th e  re la tio n  >~p(|q is a  s ta tic  ty p e  for th e  synchronous 

co m p o sitio n  P\\Q.  S ince acyclicity  can  b e  checked in linear tim e, so can  th e  req u irem en t if 

two s ta tic a lly  typed  m odules a re  .sta tic-com posable. However, two s ta tic a lly  ty p ed  m odules 

(P.>~p) an d  (Q.>~q ) m ay not be s ta tic -co m p o sab le  even th o u g h  th e  co m p o u n d  m odule 

P\ \Q  is non-blocking.

Exam ple 5.3 An inverter (P . >-p) can  be  m odeled  as a  s ta tica lly  ty p ed  m odule. In 

g u a rd ed  com m ands, it can  defined  as: |  T —> y'  ■= ~'x ' ■ from  which we can  derive its 

dep en d en cy  re la tion : y >-p x . N ote th a t  P  is no t a  M oore m o d u le .!

Exam ple 5 .4  A m odule  m ay have tw o s ta tic  ty p es, n e ith e r o f w hich is a  su b se t o f the  

o th er. Let m odule P  be such th a t  O p  =  {xo.X [}. I p  — {;/}. an d  rp  =  Using

g u ard ed  com m ands, we can  specify P  in two ways:

\ P - > p )  =

T -  x '0 : =

A

T

T

:=  T

x \  :=  F

[ P • >“ p )  — <

T

T

A

X q : =  T

x  i :—  (xn

T h e  two s ta tic a lly -ty p ed  m odu les have th e  sam e tran s itio n  re la tio n , nam ely, -p . 

b u t th ey  have different s ta tic  types: >-p=  {xo >- x i .  xq >- y )  w hile >-'p— { x t >- xo. X[ >  

y \ .  C hoosing  different s ta tic  ty p es (i.e.. im p lem en ta tio n s of th e  tran s itio n  p red ica te) can  

have im p lica tions on com p o sab ility  w ith  o th e r  m odules. Let m odule (Q.  > ~ q )  be such th a t 

O q  =  {//}. IQ =  ( x q .x i ) .  an d  in g u a rd ed  com m ands. ( Q . > ~ q )  =  J T —>■ ; /  :=  x[,. T h e 

s ta t ic  ty p e  >-q for Q  is {y >- x q } .  T h e n  (P.>-p>) is no t .sfaftc-com posable w ith  ( Q . > q ) .  

b u t (P.>- p) is. I

5 .2 .4  D yn a m ica lly  ty p ed  m od u les

E xam ple 5.4 suggests th e  following g en e ra liza tio n  o f s ta tic  types. A composite

dependency relation for a  m odule  P  is a  se t D  — {( c■1. ^ 1) ^ m )F o f pairs , w here

each  ix' is a  p red ica te  over th e  m o d u le  variab les A 'p. an d  each >-' is a  d ep en d en cy  re la tio n  

for P . such  th a t  for each s ta te  s  o f  P . th e re  is ex ac tly  one p red ica te  tpl . 1 <  i < rn, 

w ith  0 '[ .s j. If L’'[ s J .  th e n  we w rite  X s for th e  co rresp o n d in g  dep en d en cy  re la tio n  A 

dynamically  typed module (P.  D p )  co n sists  o f a  m o d u le  P  an d  a  com posite  d ep en d en cy  

re la tio n  D p  =  { (i^p .> -p) | I <  i < m \ .  such  th a t  (a) th e  m odule P  is non-blocking.
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a n d  (b) a t  every  s ta te  s.  th e  m o d u le  P  re sp ec ts  th e  d ep en d en cy  re la tio n  >-p. T h ese  two 

co n d itio n s, as well as th e  req u irem en ts  on  a  co m p o site  d ep en d en cy  re la tio n , can  ag a in  be  

enforced  sy n tac tica lly  in a  way th a t  p e rm its  checking in  po lynom ial tim e. For exam ple , 

each p red ica te  iplP . 1 <  i < rn. m ay  b e  req u ired  to  co n ta in  th e  con junct A j^ t  an (l V™ 

m ay  b e  requ ired  to  be eq u a l to  A i < t <m ~',Pp- ^  we use g u a rd ed  com m ands to  specify  th e  

tra n s itio n  p red ica te , th e n  for each g u a rd ed  co m m an d , th e  g u a rd  m ay be req u ired  to  co n ta in  

a  co n ju n c t o f th e  form  ipp . for som e 1 < i < m .  a n d  to g e th e r w ith  th e  rig h t-h an d  sides o f 

ass ig n m en ts  sa tisfy  th e  proviso  for th e  co rresp o n d in g  d ep en d en cy  re la tio n  > lp .

Exam ple 5.5 L evel-sensitive la tch es  a re  com m only  used in th e  design  o f h igh perfo rm an ce  

sy stem s such  as p ip e lin ed  m icroprocessors. T y p ica lly  d ifferen t p a r ts  o f a  sy stem  are  ac tiv e  

d ep en d in g  on th e  phase  o f th e  clock. As an  exam ple , consider a c ircu it consisting  o f th ree  

m odules P\ .  P>. an d  P-.\. M odule P\  is an  in v erte r w hich connects th e  o u tp u t o f th e  - r -  

clocked level-sensitive la tch  p$ to  th e  in p u t o f th e  c-clocked level-sensitive la tch  P>. T h e  

o u tp u t  of th e  la tch  P> is co n n ec ted  to  th e  in p u t o f th e  la tch  P t . Using g u ard ed  com m ands, 

th e  th ree  m odules can  be specified as follows:

T he dynam ic types for the m odules are Dp, =  { (T. x  >- ; ) } .  Dp,  =  {(c. y >~ x).(->c. 0 )} . 

and D p, =  { ( c .0 ). (--c. ;  >- y)} .  I

We refer to  th e  com posite  d ep en d en cy  re la tio n  D p  o f a  d y n am ica lly  ty p ed  m odu le  (P . D p ) 

as a  dynam ic  type for th e  m od u le  P .  Like s ta t ic  ty p es, d y n am ic  types suggest sufficient 

co n d itio n s  for th e  non-b lock ing  o f  sy n ch ro n o u s co m p o sitio n . F u rth erm o re , th e  co n d itio n s 

for th e  com p o sab ilitv  o f d y n am ic  ty p es  a re  m ore libera l th a n  .staf/c-com posability . a n d  th u s 

th ey  are  ap p licab le  in m ore s itu a tio n s . C o n sid e r two d y n am ica lly  ty p ed  m odules (P . D p ) 

a n d  (Q . D q ) w ith  D p  =  { ( '0 p .> -p ) | I <  i < m }  an d  D q  =  {(^q->^q) | 1 <  j  <  n f .  We 

w rite  >-l-J for th e  un ion  >~lp  U >-q . w here 1 <  i < m  a n d  ! < _ / ' <  n. W e  p rov ide two 

d efin itions o f co m p o sab ilitv  for d y n am ica lly  ty p e d  m odules, one pu re ly  sy n tac tic , a n d  th e  

o th e r  in p a r t  sem an tic .
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•  T h e  d y n am ica lly  ty p ed  m odules {P. D p )  an d  (Q.  D q ) a re  sy n tac tica lly  d y n am ica lly  

com posab le . o r dsynt-composable.  if (1) th e  m odules P  an d  Q  a re  com posab le . an d

(2) th e  re la tio n  >-‘ J is acyclic for all 1 <  i < rn an d  1 <  j  <  a.  T h en . D p ^ q  =  

{(tplp  A 9q .>-1'j ) | 1 <  i < rn an d  1 <  j <  n} . is a  d y n am ic  type  for th e  sy n ch ro n o u s 

co m p o sitio n  P\\Q.

•  T h e  d y n am ica lly  ty p ed  m odules (P. D p )  an d  (Q.  D q )  a re  sem antica lly  d y n am ica lly  

com posab le . o r dsem-composable.  if (L) th e  m odules P  an d  Q  a re  com posab le . an d

(2) th e  re la tio n  >~l'J is acyclic for all 1 <  i < rn an d  1 <  j  < n  for w hich th e  

co n ju n c tio n  tppAOq  is satisfiab le . T h en . Dp\ \q  = { ( i p p A O q . ^ 1'-1) | L <  i < rn a n d  I <  

j  < n  an d  (3-Y p \ \ q ) { ^ 1p  A 9 q ) }  is a  d y n am ic  ty p e  for P\\Q.

N ote th a t  it can  be checked in q u a d ra tic  tim e  w h e th e r two dynam ica lly  ty p ed  m odules 

a re  d synf-com posab le . w hile it requ ires ex p o n en tia l tim e  (bv eva lua ting  a  q u a d ra tic  n u m ­

b e r  o f bo o lean  form ulas) to  check if they  are  </.sem-composable. However, checking if 

two d y n am ica lly  ty p ed  m odules a re  r/sem -com posable is s till sim p ler th an  checking if th e  

sy n ch ro n o u s co m p o sitio n  of two u n ty p ed  m odules is non-b locking  (fl^ vs. ITJ).

Proposition 5.1 Thu fo l lowing asser tions  hold:

•  There are two dynamical ly  typed modules (P.  D p )  and  (Q . D q ) which are dsynt-  

composable but not static-eomposable.  even though the union o f  all dependency re­

lations in D p  is a s ta tic type f o r  P .  and  the union o f  all dependency relations in D q  

is a s tatic type f o r  Q.

•  There are two dynamically typed modules which are dsem-composable but not dsynt-  

composable.

Exam ple 5.6 T h e  d y n am ica lly  ty p ed  m odules (P i.D pJ anti (P>.Dp2) of E x am p le  5.5 

a re  dsyrit-con ip o sab le . an d  th e  co m p o u n d  m o d u le  Q  — P t | |P j  has the  d y n am ic  ty p e  D q  =  

{(c. y  >- x  >~ c). ( ->c. x  >- z ) }. T h e  m odules (Q.  D q )  a n d  ( P j. D p ,)  are  not d syn t-com posab le . 

b u t th ey  are  d sem -com posab le . T h e  co m p o u n d  m o d u le  Q\\P:i has th e  dynam ic ty p e  {(c. g >- 

x  >- z ). ( t .  x  >- z >- g ) }. I

5 .2 .5  D ep en d en t ty p e  m od u les

D ynam ic ty p es can  b e  fu r th e r  generalized  by allow ing th e  dependency  re la tio n  to  

be a  func tion  n o t o n ly  o f th e  c u rre n t s ta te , b u t also o f th e  p a r tia l next s ta te . We define th e
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variable dependency relation,  which estab lishes th e  possib le o rd e rs  in which th e  variables can  

be assigned  a  value in o rd e r to  d e te rm in e  th e  nex t s ta te , an d  th e  dependencies am ong th e

values chosen. A variable dependency relation for P  is a  se t C  =  { (i/-’1. 1)  (Wm . > m )\

of pairs , w here  each  ip1 is a  boolean  form ula over th e  u n p rim ed  an d  p rim ed  m odule variables 

X p  U X p .  an d  each  ^=‘ C O p  x 2 Xp is a  b in ary  re la tio n  w ith  th e  in ten tio n  th a t if ip1 holds 

in an  ex ten d e d  s ta te ,  an d  x  £=' V'. th en  x  can  be given a  nex t value, an d  th is  value can 

d ep en d  on  th e  nex t values o f th e  variables in V'.

A v ariab le  d ep en d en cy  re la tio n  is a  sy n tac tic  o b jec t: to  m ake th e  variab le d ep en ­

dencies m ore ex p lic it, we define the  co rrespond ing  dependency fu n c t io n  C: S p  x R p  x X p  —► 

2 Vp as th e  fu n c tio n  th a t ,  given an  ex ten d ed  s ta te  (s . t ' )  an d  a  variab le  x.  specifies th e  set 

o f variab les on  w hich x  dep en d s, as C(.s. t'. x)  =  |J{^"  I (*£’• (x - Z ) )  £  C  an d  ip

T h e  variab le  x  is enabled for ( P. C)  a t th e  ex ten d ed  s ta te  (.s. t ' )  if C’( s . t ' . x )  C 

V a r ( t ) .  T h e  m odule  P  respects th e  variable dep en d en cy  re la tio n  C  if for every p a ir of 

ex ten d ed  s ta te s  (s. t') an d  (s. a') o f P.  for every variab le  x  €  X p  th a t  is enab led  for ( P . C )  a t 

b o th  ex tender! s ta te s , an d  for every b €  IB. if f[C'(.s. t ' . x)] =  u[C'(.s. n ' . x)]. th en  the  ex tended  

s ta te  (.s. t.' U { (x '. h ) }) is an  (x.  rp ) - successor o f (s. (,') iff th e  ex ten d ed  s ta te  (s. n' U {(x '. b ) }) 

is an  (x . rp  (-successor o f (.s.u ') . If th e  tran s itio n  p red ica te  o f a  m odule is specified by a 

set T o f n o n d e te rm in is tic  g u ard ed  com m ands, th en  th e  variab le  dependency  re la tio n  can be 

deduced  from  T as follows: for each gu ard ed  co m m an d  \g —> x '  = e in I \  let ( ; / .^ )  €  C.  

w here >  =  {(x . V") | y £  V’ iff y' occurs in y or in  e}.

Exam ple 5.7 [MaI94] Cyclic circu its  are  o ften  used in h ard w are  system s for m inim izing 

th e  c ircu it size. As a n  exam ple , consider th e  c ircu it in  F igu re  5.1. T h e  o u tp u t ir is a 

function  o f  th e  in p u ts  .s an d  x. T h e  circu it consists o f th ree  d ep en d en t-ty p e  m odules P.  Q  

an d  R .  In  g u ard ed  com m ands, they  are

1 - .s ' -► , /  = F ( x ' )  3 - .s ' -> = G( i / )
(P.C'p)  =  “ ■’ (Q . C q ) =  j

3 .s' -  y' = F( z ' )  3 .s' -»■ z ' = C r ( x ' )

(R . C r ) =
«•' =  , /

M odule P  has th e  variab les O p  =  {y} and  I p  =  {.s.x. x}. a n d  th e  variab le  dep en d en cy  re­

la tio n  C p  =  { (- .s ',  {(y. {x ..s} )[) . (.s', {(y. {x..s})})}. M odu le  Q  has th e  variables O q  =  {x}
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F igure  5.1: A cyclic c ircu it com posed  o f th ree  m odules P.  Q.  an d  R.  It. perform s th e  
following func tion : if .s' th en  w'  =  F{C!(x'))  else tv' — G { F ( x ' ) ) .  w here F  and  G  a re  two 
co m b in a tio n a l blocks, such  as a  sh ifte r an d  adder.

an d  rQ = { s . x . g } .  a n d  th e  variab le  dependency  re la tio n  C q  =  { ( - ’•s', {(c. {/y. .s}) }■). (.s', {(c. {x 

M odule R  has th e  variab les O n  =  {iu\  and  I r  =  an d  th e  variab le  dependency  re la­

tion  C r  =  { (—■-s'. { (u.’. { ;..> } )[). ( . s ' .  {(ic .{ //..s})})}. ■

To define d e p e n d e n t- ty p e  m odules, an d  to  define com position  o f  two depenclen t-type m od­

ules. we need to  know  how th e  variable dependency  changes as th e  s ta te  tran s itio n s  take 

place. T h erefo re  we define th e  micro-step graph, a  g ra p h  d ep ic tin g  th e  sequence o f p a r tia l 

s ta te s  trav e rsed  as a  new m acro-step  successor is d e te rm in ed .

M i c r o - s t e p  g r a p h .  C onsider a  m odule P  an d  a  variab le  d ep en d en cy  re la tions C'p for 

P . For a  s ta te  s G S p .  th e  micro-step graph M G s( P . C p )  is a  d irec ted  acyclic g rap h  whose 

vertices a re  th e  p a irs  (.s. t').  w here t' G R p  to g e th er w ith  th e  a d d itio n a l d is tin g u ish ed  vertex  

-L. w hich is used to  d en o te  an  illegal configuration . T h e  edges o f M G * ( P • C p )  a re  p a r titio n ed  

in to  P -ed g es an d  E -edges: th ey  are  defined jus follows, for all vertices a  =  (s . t ' )  an d  all 

variab les x  G X p :

* If  i  £  O p  a n d  x  is en ab led  for (P .C p )  a t th e  ex ten d ed  s ta te  ( s . t ' ) .  th en  for each 

(x . rp )-su ccesso r (s . u ') o f a .  th ere  is an  P -ed g e  from  a  to  th e  vertex  (s . u ') .

•  If x  €  I p  a n d  x ' £  V a r ( P ) .  th en  for each boo lean  co n stan t h G IB. if 3  =  ( s . t ’ u ( x ' . b ) )  

is a  (x .  rp )-su ccesso r o f a .  th en  th e re  is an  E -edge  from  a  to  d . If 3  is no t a  (x . -p ) -  

successor o f a .  th en  th e re  is an  E -edge from  a  to  X.
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A vertex  o f M G A P - C p )  is t erm inal  if it does no t have any  o u tg o in g  edges. N ote th a t  th e  

m icro -step  g ra p h  has th e  following p roperties: th e re  are  a t  m ost vertices, th e  size o f

each  vertex  is a t  m ost 2 • |A 'p |. an d  th e  d e p th  o f th e  g ra p h  is a t  m ost |A 'p | +  1-

A dependent- type module (P. C p )  consists o f a  m o d u le  P  an d  a  variab le  dependency  

re la tio n  C p  such th a t  (a) th e  m odule  P  re sp ec ts  the  variab le  d ep en d en cy  re la tio n  C p  and  

(b) P  is w ell-typed  w .r.t. C p  a t  every  s ta te  s 6  S p .  A m o d u le  P  is sa id  to  be w ell-typed 

w .r.t. C p  a t  th e  s ta te  s. if th e re  is a  p a th  in th e  m icro-step  g ra p h  M G  s ( P . C p )  from  th e  

in itia l vertex  ( . s .  0 )  to  a  te rm in a l v ertex  a .  th en  n / i .  an d  a  =  (s . t ') for som e s ta te  t £ S p .  

C o n d itio n  (b) s ta te s  th a t  for all en v iro n m en t in p u ts , th e  m o d u le  P  does no t block. VVe refer 

to  th e  variab le  d ep en d en cy  re la tio n  C p  as a  dependent type for P.

C om position. T w o d e p e n d e n t- ty p e  m odules ( P . C p ) an d  ( Q . C q )  a re  d ep e n d en t-ty p e  

com posab le . o r dep-composable.  if (1) P  an d  Q  a re  com posab le  an d  (2) th e  com position  

P\\Q  is w ell-typed  w .r.t. CpiQ  a t  every s ta te  .s €  Spi g . T h en  th e  variab le  dependency  

re la tio n  CpiiQ is a  d ep e n d en t ty p e  for th e  com posite  m odule  P\\Q.  T h e  following theorem  

show s th a t  checking com p o sab ilitv  for d ep e n d en t-ty p e  m odules has th e  sam e w orst-case 

com plex ity  as for d y n am ica lly  ty p ed  m odules.

D ependen t ty p es  c a p tu re  a  larger class o f non-b locking  synchronous com position  

th a n  d y n am ica lly  ty p ed  m odules, as show n by th e  following p ro p o sitio n . For a  d ep en d en t- 

ty p e  m odule  ( P . x p . C p ) .  th e  variab le  x  £  X p  d ep en d s on y £  X p  a t  a  s ta te  s £  S p .  w ritten  

x  >-s y. if th e re  ex ists  a  p a r tia l  s ta te  t' £  R p  an d  a  pa ir ( w . ^ )  £  C p  such  th a t  lef.sU f'] an d  

x  y. T h en  D p  =  {(s. >-■■*) | s £  S p }  is a  d y n am ic  type  for P.

Proposition 5.2 There are two dependent-type modules that are dep-composable but not  

dsem-composable.  There are two dependent-type modules ( P . C p )  and ( Q . C q )  which are 

not  dep-composable.  even though the synchronous  composi tion P\ \Q is non-blocking.

Exam ple 5.8 T h e  d e p e n d en t-ty p e  m odules P.  Q.  an d  R  from  E xam p le  5.7 a re  dep- 

com posab le . If th ese  m odules a re  viewed as dynam ica lly  ty p ed  m odules, th e  o u tp u t of 

each  m odule will d ep en d  on th e ir  respective in p u ts . Hence th e re  will be a  cyclic d ep en ­

dency  in  th e  un ion  o f th e ir  dep en d en cy  re la tions, nam ely, y >- c an d  r  >- y a t  all s ta tes . 

S ince d y n am ica lly  ty p ed  m odules do not p e rm it cyclic d ep en d en cies , th ese  m odules a re  not 

dsem -com posab le. ■

Exam ple 5.9 A latch  im p lem en ted  as two N A N D  gates can  be d esc rib ed  as (F ig u re  5.2):
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M

F igure  5.2: A la tch  im plem ented  as two N AN D gates.

(P. C'p) =  J t  - f  x \  =  A .rf,) (Q.  C Q ) =  | t  x'., = -(y!,  A x \  ).

( P. C'p) an ti (Q . C q )  are  not dep-com posable. a lth o u g h  th e  com position  P ||(,) hs non-blocking 

a t  all s ta te s  o f P\\Q.  T h e  reason  is th a t  th e re  is an  in te r-d ep en d en cy  of th e  variables _ri 

an d  x ■) th a t  canno t be resolved if //, — if, =  T. In  fact, no d e p e n d en t-ty p e  m odules can 

describe th is tw o-N A N D  g a te  system . I

Proposition 5.3 Checking i f  two dependent-type modules are dep-composable is complete  

fo r  coNP.

Proof. To show th a t  two d e p e n d en t-ty p e  m odules {P.C’p)  an d  (Q.C'q)  a re  no t dep- 

com posable. one can  check th a t  e ith e r P  an d  Q  a re  no t com posab le . o r guess a  s ta te  s 6

Sp||Q and  a  p a th  (.s. 0). {.s. t \ ) .  {s. t ’.,).......... (.s. t'n ) =  a  in th e  m icro-step  g rap h  M G S(P\ \Q.  C png)

an d  check th a t  V a r ( t n ) C A'pi]g- an d  th a t  th e re  is no o u tgo ing  edge from  a.  T h is  hist condi­

tion  can be checked by checking th a t  V a r ( t n ) con ta ins all in p u t variab les I p~\Q- an d  th a t  no 

o u tp u t variable undefined  in t'n is enab led  a t  the  ex ten d ed  s ta te  (.s. t'n). N ote th a t  th is check 

requires only po lynom ial tim e , because  a  variable can  be en ab led  only w hen all variab les 

th a t  occur in its en ab lin g  co n d itio n  are  assigned a  value by .s U t'n .

H ardness com es from  th e  fact th a t  d y n am ica lly -ty p ed  m odule  is a  specia l case 

o f d ep en d en t-ty p e  m odu le , a n d  therefo re d .scm -com posability  is a  spec ia l case o f dep-  

com posability . We give a  p ro o f  based  on th e  red u ctio n  from  tau to lo g y  checking o f boo lean

form ulas. G iven a  b o o lean  fo rm ula  <p(xi  x n ). we co n stru c t d ep e n d en t-ty p ed  m odules

( P ,. C’p ). L < i < n a n d  ( Q . C q ) an d  ( R .C ' r ) defined as follows: M odule ( P , .C p J  has one 

o u tp u t variab le x t a n d  no in p u t variab le, an d  in g u a rd ed  com m ands.
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( / ’. .C p ,) =
T —► x . =  T

M odulo (Q t.C g ,)  has one o u tp u t variab le x  an d  one in p u t variab le an d  in g u ard ed  

com m ands.

( Q . C q ) =
y'  —> x'  =  T

M odule ( R . C r )  has O /j =  {y .~} . I r  =  { x i  x „ .x f .  an d  gu ard ed  com m ands

( R . C r ) =

T -> y ' = i f i ( x \  x'J

A

T z' =  x'

It is not hard  to  see th a t  th e  m odules ( /^ .C p ,) .  1 <  i <  n. ( Q . C q ) an d  ( R . C r ) a re  dep- 

com posable iff ^  is a  tau to logy . I

5 .2 .6  S u m m ary o f  ty p es .

Let A =  (a sync.  rnoore. s tatic,  dsynt .  d.sem. dep \  be th e  set o f module classes.  Win 

sum m arize  th is  sec tio n  by defin ing , for each m odule class «  €  A. a  set .V[n o f m odules: for 

a  =  async.  let M.  ,lslyn,; be th e  se t o f non-blocking m odules: for o  =  moore . let .Vf moorc be 

th e  se t o f M oore m odules: for a  = static,  let ,Vf statlc be  th e  se t of s ta tica lly  typed  m odules: 

for a  = dsynt  an d  a  =  dsem.  let AA,isynt =  A A be th e  set o f dynam ica lly  ty p ed  m odules: 

an d  for o  =  dep.  let .Vf,/ep be th e  set o f d ep en d en t-tv p e  m odules. Define th e  module class 

orderiny async < moore < s tat ic < dsynt  < dsem < dep.  T h en , for a .  J  G A w ith  a  < J.  

every m odule P  €  -Vf,* can  be considered  to  be a  m odule in .Vf j  by ad ju s tin g  its ty p e , or the  

sem antics o f co m p o sitio n , if necessary. Precisely: an  a.sync-m odule can  be considered  as a  

m oore-m odule by ch an g in g  th e  sem an tics o f com position : a  moo re-m odu le  can  be considered  

a  sfab c-m o d u le  w ith  th e  em p ty  dependency  re la tion : a .sfafzc-modide can  be considered  a  

dynam ica lly  ty p ed  m o d u le  w ith  a  single dependency  re la tio n , an d  a  r/.sem -m odule can  be 

considered a  dep -m odu le  w hose variab le  dep en d en cy  re la tio n  is on ly  a  function  o f th e  s ta te . 

We also define for each  m odu le  class a  G A a  co rresp o n d in g  com position  o p e ra to r  ||n : if 

a  =  async.  th en  ||Q =  | : o therw ise . [|0  =  ||.
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5.3 Application: C onstructive Sem antics

We provide a n  a lte rn a tiv e  d efin itio n  o f co n stru c tiv e  sem an tics  [SBT9ti. Ber98] of 

synchronous languages using o u r ty p e  system s. C o n stru c tiv e  sem an tics can  be defined in 

th ree  different ways: co n s tru c tiv e  o p e ra tio n a l sem antics, based  on co n stru c tiv e  boolean  

logic: co n stru c tiv e  b eh av io ra l sem an tics, based  on  S c o tt 's  fixed p o in t sem an tics: au d  c ircu it 

sem antics, based on th e  u p -b o u n d ed  in e rtia l delay  m odel. T h e  c ircu it sem an tics cap tu res  

exactly  th e  set o f p rog ram s d esc rib ed  in syn ch ro u n s languages such  as E stere l th a t  can  be 

tra n s la te d  in to  de lay -in sensitive  d ig ita l c ircu its . It was show n th a t  th e  th ree  sem an tics were 

equivalent.

We show  th a t  d ep e n d en t types can  be used to  define co n stru c tiv e  sem an tics, by 

show ing the  equivalence betw een  co n stru c tiv e  o p e ra tio n a l sem an tics  an d  d ep en d en t types. 

T h e  following fo rm u la tio n  o f co n stru c tiv e  sem an tics is tak en  from  [Ber99j.

5.3.1 B oo lean  c ircu its

A boolean  c ircu it C is defined by a  set A’c- o f variab les o r wires an d  a  set o f w ire 

defin itions. T h e  set X c  is p a r titio n e d  in to  a  set Oc  o f o u tp u t w ires an d  a  set /<; o f in p u t 

w ires. Boolean expressions e are  com posed  o f w ires w.  c o n stan ts  F an d  T. an d  connectives 

-c  V an d  A. Each o u tp u t  w ire is defined by ex actly  one w ire defin ition . T h ere  are  two kinds 

o f wire definitions:

•  A n equality defin itio n  w =  e. i.e.. th e  next  value o f w ire is th e  value o f e ev a lu a ted  

w ith  th e  next  values o f th e  wires X .  T h e  w ire w is ca lled  a  co m b in a tio n a l wire.

•  An register d efin itio n  w :=  e. i.e.. th e  nex t value o f w is th e  value o f  e ev a lu a ted  w ith  

th e  current  values o f th e  w ires A". T h e  w ire w is called a  reg ister.

T h e  set o f co m b in a tio n a l w ire is d en o ted  by Sc-  w hile th e  set of reg isters  is den o ted  

by 'R-c- An in p u t v for C is a  t r u th  value assignm en t to  th e  th e  in p u t w ires /(_•. An s ta te  r 

o f C is a  t ru th  value assig n m en t to  th e  th e  reg isters  TZc-

5 .3 .2  C o n stru c tiv e  o p era tio n a l sem an tics

G iven a  b o o lean  c ircu it C. an  in p u t v  for C. a  s ta te  r  o f  C. a  w ire expression  e. an d  

a  Boolean value b. th e  co n stru c tiv e  ev a lu a tio n  re la tio n  u. r  h  e b is defined  inductively  

as follows.
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v, r b > b

l\  r f— L* w > b if w €  Ic an d  u(w)  =  b

u. r in <—> b if w  €  R e  an d  r(w )  = b

//. r C w <—\ b if w  =  e 6  C an d  u. r b L* e ■—> 6

t \  r ->e <-h> b if u. r  b C’ e t—> -ifa

t \  r e.\ V e > > I if v. r  b L- e[ > I o r v. r b c e-i 1

u. r e\  V e> <—t t) if u. r  b C’ C[ ‘—> 0  an d  n. r b L- e-j * 0

v. r ei A e> t—►I if n. r  b c- e[ > 1 an d  u. r  b c* e > t—> I

v. r C e,\ A e > <—► 0 if v . r  \~c e\  ■—> 0  o r u. r b^  eo > 0

A boolean  c ircu it C is co n stru c tiv e  w .r .t . v an d  r  if. for an y  w ire w. v. r  b L- iv b for som e 

b. M oreover, if v. r b c* tv > b an d  u. r  b<; w > b1 th en  b = b'.

5 .3 .3  From  b oo lean  c ircu its  to  m od u les

We tra n s la te  a  booo lan  c ircu it C to  a  set , \4(C)  o f d e p e n d en t-tv p e  m odules. To 

fac ilita te  th e  tran s la tio n , we give nam es to  each subexpression  th a t  ap p e a rs  in the  wire 

defin itions of th e  boo lean  c ircu it C. M ore precisely, we define a  extended circuit C as the 

following: For each wire d efin itio n  in =  e (resp . in :=  e) . we have th e  w ire defin ition  n: =  tv, 

(rcsp . w  :=  in,,) in C. For each  su b ex p ressio n  /  o f e. we in tro d u ce  a  fresh aux ilia ry  variable 

LUf. an d  ad d  th e  wire defin itio n  d f  to  C. w here <Lj is defined as follows:

d r  =  <

l U f  —  T 

iUf — in 

,nf  =  - u v f{

IL'f =  IV V IV f,

. ,L’f  =  «7i A w h

if /  =  b €  IB 

if /  =  tv 

if /  =  - / ,  

i f /  =  / i  v / a

i f /  =  / i  A / .

C learly . A 'j D X c-. / j  =  IL- a n d  TZj = TZc- b  ‘s no t h a rd  to  see th a t  g iven an  in p u t r  and  

a  s ta te  r .  C is co n stru c tiv e  w .r.t. v an d  r  iff C is co n stru c tiv e  w .r.t. i; an d  r . To prove 

th is , no te  th a t  for any w ire w  €  A’c- u . r  b^  w ► b iff v . r  b j  ir fa. M oreover, for each 

au x illia ry  variab le  wt,. s ince it is a bo o lean  com b in atio n  o f  th e  bo o lean  co n stan ts , wires in 

o r au x illia ry  variables Wf  co rre sp o n d in g  to  th e  subexpressions /  o f e. an d  every iv has a 

un ique value. we also co n stru c tiv e ly  ev a lu a tes  to  som e un iq u e  boo lean  value. T herefore, if 

C is co n stru c tiv e , th en  C is also  co n stru c tiv e . T h e  o th e r d irec tio n  is triv ia l.
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Now we define th e  tra n s la tio n  from  a  boo lean  c ircu it C to  a  set .Vf(C) o f d ep en d en t-

ty p e  m odules rep resen ted  in  g u a rd ed  com m ands. For any  w ire defin ition  d £  C. we have in 

.Vf (C) th e  co rrespond ing  m odu le  M { d )  defined as follows. In th e  following, th e  variab le x  is 

th e  o u tp u t  variable o f th e  m odu le  M ( d ) .  w hile th e  variab les w . x i .x >  an d  we a re  th e  in p u t 

variab les (if they  ap p e a r  in th e  g u a rd ed  co m m an d  o f M (d)} .

G iven an  in p u t r for C. let N l r (v) be th e  set o f m odules w hich provide in p u ts  to th e  

m odules in .Vf(C). It is defined  as follows: For each assignm ent x  =  b in r.  we have th e  

m odu le  | t  —> x '  =  b in .V f/(c). T h e  following th eo rem  estab lish es th e  re la tio n sh ip  betw een  

co n stru c tiv e  sem antics an d  d ep e n d en t-ty p e  m odules.

Theorem  5.1 Let C be a boolean circuit  and  .Vf(C) be the corresponding dependent-type  

modules.  Then C is construct ive w.r.t.  v . r  i f f  ( P . C p )  =  | | { ( Q . C q )  | ( Q . C q )  £  -Vf(C) V 

( Q . C q )  £  .Vfi (v )}  is well-typed w.r.t.  C’p  at the state r.

Proof. C onsider th e  m icrostep  g ra p h  M G r ( P . C p ) .  To prove th e  if d irec tio n , we show  

by in d u c tio n  th a t for any  ex ten d e d  s ta te  ( r . t 1) o f  P  th a t ,  if th e re  ex ists a p a th  from  th e  

ex ten d e d  s ta te  (r. 0) to  (r . t ' ) .  th en  for all t ru th  value assignm en t (x ' .b)  £  t!. if x  £  R.. 

th en  x  construc tive ly  ev a lu a tes  to  6  in th e  b oo lean  c ircu it C. C o n sid er th e  ex ten d ed  s ta te

•  S uppose the  w ire defin itio n  x  =  ;/i Vyo ‘s *n C- C o n sid e r th e  rnochde A /(x  =  ;/[ Vyo): x

is enab led  a t  (r . t ' )  w hen (1) (t/i-T ) €  t '. o r (2) (y.'>.T) €  t ' .  o r (3) b o th  (y ( .F )  £  t! a n d

A /(x  =  b) 

A /(x  -  w) 

M ( x  = w) 

A /(x  =  - x , )

M ( x  = x t V x-j)

| t  —> x '  =  b. w here b £  IB 

| t  —> x '  = w ' . where w £  S j  

| t  —> x '  = ilk where w £

J t  -> x '  =  - ix\

X I ( x  =  X[ A x-j x '  =  F 

x '  =  T

A /(x  :=  ii-v)

(r. t' U ( x ' . b)):
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(//•2 -F) €  t ' . If (L) is tru e , th en  by in duction  h ypo thesis . ij\ co n stru c tiv e ly  eva lua tes to  

T in C an d  th ere fo re  x  ev a lu a tes  to  b =  T in C. T h e  cases for (2) an d  (3) a re  sim ilar.

•  T h e  cases for th e  o th e r  w ire defin itions are  sim ilar.

T herefo re, if P  is w ell-typed  w .r.t. C p  a t th e  s ta te  r.  th en  C an d  hence C is co n stru c tiv e  

w ith  respect to  v. r.

To prove th e  o n ly -if d irec tio n , assum e th a t  th e  co m b in a tio n a l w ires in C co n s tru c ­

tively  eva lua te  to  th e ir  resp ec tiv e  values w .r.t. v . r  in th e  o rd e r x ,n . x r)., . . . .  i.e.. a  p ro o f 

sequence o f th e  values o f th e  co m b in atio n al w ires. A ssum e th a t  th e re  is a  p a th  in th e  m i­

c ro step  g rap h  M G r ( P . C p )  from  th e  ex ten d ed  s ta te  ( r . 0) to  an  ex ten d ed  s ta te  {r . t ' ) .  an d  

th a t  for all t r u th  value assig n m en t {x' .b)  £  t!. if x  £  th en  x  co n stru c tiv e ly  evalua tes to  

b in C w .r.t. v. r.

•  If th ere  ex ists  co m b in atio n  w ire x  £ such th a t  x '  £  Var{ t ' ) .  th e n  let i be th e  least 

in teger such  th a t  x'lh £  V n r ( t ' ) .  Suppose C con ta ins th e  w ire defin ition  x , u -  x p V x,; . 

th en  th e re  ex ists  j .  k  <  i such  th a t  (1) p =  r/j A x ^  =  T. or (2) q  =  % A x nk — T. or

(3) p =  qj A q =  p*. A x r|j =  x , lk = F. Suppose (1) holds, th en  by in d u c tio n  hypo thesis . 

((x'n . r )  £  t') an d  th ere fo re  x\h is enab led  a t  th e  ex ten d ed  s ta te  {r .t ' ) .  M oreover, it 

can  only  be assigned  th e  value w hich x r)i co n stru c tiv e ly  eva lua tes to  in C. C ases (2) 

an d  (3) are  sim ilar. Also, th e  causes for th e  o th e r  eq u a lity  defin itions a re  sim ilar.

•  O therw ise , if th e re  ex ists  reg is te r x  £  1Zj  such th a t  x '  £  V a r( t ') -  since ie' £  Var( t ' ) .  

w here x  :=  ive £  C. th en  x  is enab led  a t the  ex ten d ed  s ta te  {r .t ' ) .

T herefore. ifC  (and  hence C) is co n stru c tiv e  w ith  respec t to  v. r.  th en  P  is w ell-typed  w .r.t. 

C p  a t  th e  s ta te  r . ■

5.4 U ntyped and T yped Control Problem s

Single-step vs. m ulti-step verification. G iven a  m odu le  P.  a  s ta te  .s o f P.  an d  a

p red ica te  ^  over th e  m odu le  variab les X p .  th e  single-step verification problem  ( P. s . p ) 

asks w h e th e r for all s ta te s  t. if r [ s  U t'j|. th en  (pffj. T h e  sing le-step  verification  p roblem  

am o u n ts  to  ev a lu a tin g  th e  b o o lean  IT  ̂ form ula (V A 'p)(rp  —> <p')[.s]. w here p ' re su lts  from  

p  by rep lacing  all variab les w ith  th e ir  p rim ed  c o u n te rp a rts . A run r  o f a  m odule  P  is a
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fin ite sequence .sosi . . .  .sjt of s ta te s  o f P  such  th a t  rp [ s ,  U •s'+1J for all 0 <  i < k.  T h e  ru n  

r  is s-rooted.  for a  s ta te  s of P .  if sq =  s. T h e  ru n  r  s tays  in ip.  for a  p re d ic a te  p  over th e  

set X p  o f m odu le  variab les, if  ^ [ s , |  for a ll 0 <  i < k.  G iven a  m o d u le  P . a  s ta te  s  o f P . 

an d  a  p re d ic a te  ip  over X p .  th e  mult i-step  ( i n va r ia n t ) verification problem (P. s. ip) asks 

w h e th e r all s -ro o te d  runs o f P  stay  in ip. T h e  m u lti-s tep  verification  p ro b lem  can  be solved 

by ite ra tin g  th e  so lu tio n  for th e  s ing le-step  verification  problem . T h e  n u m b er o f s ta te s , 

w hich is ex p o n en tia l, gives a  tig h t b o u n d  on th e  n u m b er o f ite ra tio n s .

Theorem  5.2 (cf. [AH98]) The single-step verification problem is complete f o r  coNP.  The  

multi -s tep  verification problem is complete f o r  P S P  A C E .

In con tro l, it is n a tu ra l  to  requ ire  th a t th e  co n tro lle r falls into th e  sam e m o d u le  class as th e  

p lan t. C o n sid e r a  m odule ckiss a  6  A a n d  a  m odule  P  €  . \4n . T h e  m odule  Q  €  . \ 4 n is an  a -  

controller  for P  if (1) P  an d  Q  a re  a -co m p o sab lc . an d  (2) O q  =  Ip  an d  I q  -  O p .  A ccord ing  

to  th is  defin ition , a  co n tro lle r for P  is an  en v iro n m en t o f P  w hich has no s ta te  on  its own. 

For th e  co n tro l p rob lem s we consider in th is  d ia p e r ,  th e  resu lts w ould rem a in  u nchanged  

if we were to  consider con tro llers w ith  s ta te . As in verification, we d is tin g u ish  betw een 

sing le-step  an d  m u lti-s tep  contro l. T h e  sing le-step  (resp . m u lti-s tep ) con tro l p rob lem  asks 

if th e re  is a  co n tro lle r for a  m odule th a t  ensu res th a t ,  s ta r t in g  from  a  g iven s ta te ,  a  g i\-en 

p red ica te  ho lds a f te r  one s tep  (resp. any  n u m b er o f  s tep s). Precisely, for a  m o d u le  class a .  

a  m odule  P  €  «Wa . a  s ta te  .s o f  P . an d  a  p red ica te  p  over th e  set X p  o f m odu le  variab les, 

th e  single-step  (resp . mult i-s tep) a-con tro l  problem  (P . s . p ) asks w h e th e r th e re  is an  a -  

co n tro lle r Q  for P  such  th a t  the  answ er to  th e  sing le-step  (resp. m u lti-s tep ) verification  

p rob lem  ( P  ||Q Q. s.  p )  is Yes. If th e  answ er is Yes. th en  th e  s ta te  s is s ing le-step  (resp . 

m u lti-s tep ) controllable by Q  w ith  re sp ec t to  th e  control objective p.

Fixed-type control. For a  €E {static,  ds yn t .  dsem .  dep} .  we also consider a  v a rian t o f th e  

con tro l p rob lem s in w hich th e  type  o f th e  co n tro lle r m odule is know n (b u t its tra n s ito n  

re la tio n  is n o t). A n in stan ce  ( P . y . s . p )  o f th e  f ixed-type  s ing le-step  (resp . m u lti-s tep ) a -  

con tro l p rob lem  consists o f an  in stance  { P . s . p )  o f th e  sing le-step  (resp . m u lti-s tep ) a -  

con tro l p ro b lem  to g e th e r w ith  a  ty p e  y  for th e  con tro ller. For a  =  stat ic ,  th e  ty p e  7  

is a  d ep en d en cy  re la tio n  for a n  a -co n tro lle r  for P : for a  €  [dsyn t .  d s em } .  th e  ty p e  7  is a  

co m p o site  d ep en d en cy  re la tio n  for an  a -co n tro lle r  for P : for a  =  dep.  th e  ty p e  7  is a  variab le  

d ep en d en cy  re la tio n  for an  a -co n tro lle r  for P .  T h e  in stan ce  (P . y . s . p ) asks w h e th e r th e re
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is an  a -co n tro lle r  Q  o f ty p e  7  for P  such th a t  th e  answ er to  th e  sing le-step  (resp . m u lti-s tep ) 

verification  p rob lem  ( P  | | 0  Q.  s. p)  is Yes.

G enerality o f controllers. For a  m odule class a .  consider a  m odu le  P  €  .M a . a single- 

s tep  (resp. m u lti-s tep ) con tro l ob jective  p .  a n d  two a -co n tro lle rs  Q  an d  Q'  for P . T h e  

co n tro lle r Q  is as s tate-general  as Q'  if a ll s ta te s  s  o f P  w hich are  sing le-step  (resp . m ulti- 

s tep ) co n tro llab le  by Q'  w ith  respect to  <p a re  also  sing le-step  (resp. m u lti-s tep ) co n tro llab le  

by Q  w ith  re sp ec t to  p .  M oreover, if Q  an d  Q'  a re  equa lly  s ta te -g en era l (i.e.. Q  is as s ta te -  

general as Q ' . an d  vice versa), th en  Q  is as choice-general as Q'  if th e  tra n s itio n  p red ica te  

tq i  im plies t q  (i.e.. Q  p e rm its  as m uch n o n d e te rm in ism  as Q').  A n a -c o n tro lle r  is most  

s tate-general  if it is as  s ta te -g en e ra l as any  o th e r  a -co n tro lle r. A a -co n tro lle r  is mos t  general  

if ( I )  it is m ost s ta te -g en e ra l, an d  (2 ) it is as choice-general as any o th e r  m ost s ta te -g en e ra l 

a -co n tro lle r.

Sum m ary of results. In the  following sec tion , we p resen t a lg o rith m s for so lv ing  the  var­

ious types o f co n tro l problem s. T h e  com plex ity  resu lts  a re  sum m arized  in T ab le  5 .1(a). 

We recall th a t  th e  com plex ity  class D P consists o f th e  languages w hich are  in tersec tio n s o f 

an  N P  language an d  a  coN P  language. If  n  is th e  in p u t size, th e  com plex ity  class N'E is 

Ufc>o N T IM E (2*n ). a n d  th e  com plexity  class E X P  is (Jit-M) D T IM E (2"* ). By th e  p ad d in g  a r ­

gu m en t. any  p rob lem  com plete  for ME is also co m p le te  for N E X P  =  U t> o  X T IM E (2 fl<) [Pap94]. 

Hence, assum ing  P ^  NP. for th e  m odule classes static,  dsynt .  an d  dsem.  th e  fixed-tvpe 

m u lti-s tep  con tro l p rob lem s are h a rd e r th a n  th e  m u lti-s tep  contro l p rob lem s w ith  a rb itra ry  

con tro lle r type. In a d d itio n , we sum m arize  in T ab le  5 .1(b) all re su lts  on th e  ex istence o f 

m ost s ta te -g en e ra l a n d  m ost general con tro llers.

5.5 A lgorithm s and C om plexity of Control

We d e te rm in e  th e  com plex ity  for so lv ing  th e  sing le-step  a n d  m u lti-s tep  a -co n tro l 

p rob lem s for all six  m odu le  classes a  €  A. In  each  case, th e  m u lti-s tep  con tro l p ro b lem  can  

be solved by ite ra tin g  an  ex p o n en tia l n u m b er o f  tim es th e  so lu tion  for th e  co rresp o n d in g  

sing le-step  con tro l p rob lem .
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C lass C om posab ility
C heck

Single-£
A rb itra ry

>tep
Fixed

M ulti-S
A rb itra ry

tep
F ixed

async 0 ( n ) D P — E X P —
moore 0 ( n ) — E X P —
s tatic O (n ) P S P A C E NE E X P NE
dsynt 0 ( n 2) P S P A C E N E E X P NE
dsem coN P P S P A C E N E E X P NE
dep coN P P S P A C E NE E X P NE

(a) Com plexity Results.

C lass MSG MG
async yes yes
moore yes yes
s tatic no no
dsynt no no
dsem ves no
dep yes no

(b) Existence of con­

trollers.

T able 5.1: (a) C om plex ity  o f co m p o sab ilitv  checking, as well as sing le-step  an d  m u lti-s tep  
con tro l for th e  various m odule classes. For s ta tic a lly  an d  dynam ica lly  ty p ed  m odules, we 
consider b o th  a rb itra ry  an d  fixed co n tro lle r types. T h e  q u a n tity  n  is the  size o f th e  m odule  
d esc rip tio n . Each p rob lem  is com plete  for th e  co rrespond ing  com plexity  class, (b) E x istence 
o f m ost s ta te -g en e ra l (M SG ) an d  m ost general (M G ) con tro llers.

5 .5 .1  A syn ch ron ou s con tro l

G iven a  non-b locking  m odule P .  a  s ta te  s o f P.  an d  a  p red ica te  f  over th e  m odule 

variab les X p .  th e  sing le-step  a.sync-control p roblem  am o u n ts  to  eva lua ting  the  boo lean  

form ula

( ( V O p ) ( r p  A ( I p  — Ip)  -> if ') A ( 3 1'p)(rp A ( Op  = O p )  A ^ ' ) j [ . s j .

Hence, in  th e  asynchronous case, th e  sing le-step  con tro l p rob lem  is com plete  for DP. It fol­

lows from  [CKS81] th a t  th e  m u lti-s tep  version  is com plete  for ex p o n en tia l tim e (cf. [HK97]).

T h e o r e m  5 .3  The single-step async-control  problem is complete f o r  DP.  The mult i -s tep  

async-control  problem is complete f o r  E X P .
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P r o p o s i t i o n  5 .4  For every non-blocking module and every control objective, there is a 

mo st  general single-step async-controller.  and there is a most  general mul t i-step  async-  

controller.

5 .5 .2  M oore con tro l

G iven  a  M oore m o d u le  P.  a  s ta te  s o f P .  ancl a  p red ica te  ip over X p .  th e  s ing le-step  

m oore-contro l p rob lem  am o u n ts  to  ev a lu a tin g  th e  boo lean  T.?, form ula (3 /p ) (V O p )( rp  —• 

y?')[sj. T h e  m u lti-s tep  h ard n ess  p ro o f is s im ilar to  th e  asynchronous case.

T h e o r e m  5 .4  The single-step moore-control problem is complete f o r  The mul ti -s tep  

moore-control problem is complete f o r  E X P .

P r o p o s i t i o n  5 .5  For every Moore module and  every control objective, there, is a most  

general single-step moore-controller. and there is a most general multi-step moore-controller.

5 .5 .3  S ta tic a lly  ty p ed  con tro l

C o n sid er a s ta tic a lly  ty p ed  m odule (P.>-p) .  an d  let X p  = { x i  x ,,}. A linear

order x n . x t ,  x ln o f the variables in A"p is compatible  w ith  the dependency relation Xp

if each o u tp u t  variab le  follows in th e  o rd e rin g  th e  variab les on  which it dep en d s. Precisely.

X | , .x , ,  x ln is co m p atib le  w ith  >-p if for all 1 < j - k  < n. if x It >  x lfc. th en  k  < j .  G iven

a  p red ica te  p  over A 'p. for each linear o rd er (. -  x , l . x 1, .........x ,„ . we define th e  boo lean

form ula

C ( f - F )  = ^  'p')-

w here for I <  A: <  n.  we have A,t =  V if x,.. G O p . an d  A,,. =  3 if x li; €  Ip-  T h e  following 

lem m a s ta te s  th a t ,  in o rd e r to  decide w h e th e r a  s ta te  is sing le-step  .id a^ o co n tro llab le . it 

suffices to  co n sid er all lin ear o rd ers  o f variab le  dependencies.

L e m m a  5 .1  Given a statically typed module  (P .> -p ). a control objective ^  over X p .  and  

a state s o f  P .  the state s is single-step static-controllable with respect to ^  i f f  there is a 

l inear order £ o f  X p  compatible with >~p such that C’(f.

T h e  lem m a is proved  by show ing  th a t  (1) if a  s ta te  of th e  s ta tic a lly  ty p ed  m odule  (P . >-p) is 

o u tp u t  by a  s ta tic a lly  ty p ed  m odu le  (Q.  >~q ). th e n  th e re  is a  linear o rd e r t  th a t  s tren g th en s  

th e  tran s itiv e  c losure o f >-p U such  th a t  C{f.. ip), an d  (2) if C { L  ip) for som e lin ear o rd e r
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L  th en  we can  e x tra c t  from  i  a  d ep en d en cy  re la tio n  >-q  for th e  co n tro lle r w hich ensu res 

con tro llab ility .

T h e o r e m  5 .5  The single-step stat ic-control  problem is complete f o r  P S P A C E .  The mul ti -  

s tep stat ic-control  problem is complete f o r  E X P .

T h e  sing le-step  s ta tic -co n tro l p rob lem  is in P S P A C E . because  we can  check each  linear o rd e r 

in P S P A C E . H ardness for P SP A C E  follows from  th e  fact th a t ,  given a  b o o lean  form ula 

(Vxo)(3yo) ••• we can  encode th e  p ro b lem  o f dec id ing  its t r u th  value as th e

sta tic -co n tro l p ro b lem  w ith  th e  con tro l o b jec tiv e  ip for a  m odule  P  w ith  th e  variab les O p  =

{xo x„} an d  I p  =  {yo y„}. th e  valid  tra n s it io n  re la tio n  r p .  an d  th e  d ep en d en cy

re la tio n  ^ p =  { (x ,.y j)  | L < j  < i <  n}.

N ote th a t  in th e  com m on spec ia l case th a t  th e  dependency  re la tio n  >~p is em pty , 

th e  sing le-step  s ta tic -c o n tro l p rob lem  am o u n ts  to  ev a lu a tin g  th e  boo lean  n/J form ula (V O p)( 3 / p ) ( r p A  

y>/ )[s]- T h is  case is d u a l to  th e  M oore case, because  here th e  co n tro lle r can  choose th e  next 

values o f th e  in p u t variab les d ep en d en t on th e  nex t values o f all o u tp u t variables. T h e  

co rresp o n d in g  m u lti-s tep  p roblem  is aga in  co m p le te  for EXP.

VVe consider now the erase in which the type > q  C Ip  x A'p o f the controller is 

fixed. VVe assum e that >~p U is acyclic: otherw ise. P  and Q  are not stahc-eom posable.

an d  th e  answ er to  th e  fixed-type con tro l p ro b lem s is No. Let O p  = { x i  x , n } an d

I p  =  { y t ijk}. In tu itive ly , for L <  i <  k.  th e  nex t value for y, can  be chosen in te rm s o f

th e  cu rren t values o f th e  m odule variab les, as well as  in te rm s o f th e  nex t value o f th e  o u tp u t 

variables on  which y, d ep en d s. Hence, a  co n tro lle r w ith  fixed s ta tic  ty p e  >~q can  be th o u g h t

o f as a  set { / i .......... /*.} o f Skolem  functions: for 1 <  i < k .  th e  Skolem  function  / ,  p rovides a

nex t value for y,. a n d  has as a rg u m en ts  th e  variab les in A 'pU  { j '  6  O'p | y, >-q x \ .  T h is  set 

o f  Skolem  func tions co rresponds to  th e  following b o o lean  form ula w ith  H enkin  q uan tifie rs  

[H enfil. WalTO]:

(  (V {x; €  O'p | iji >~Q x } )(3 //[)  ^

(t p -*■■?')-

 ̂ (V {x' €  O'p | ijk >-Q x }) (3y'n ) )

T h e  fixed-tvpe sin g le-s tep  '.fa tic-contro l p ro b lem  can  be solved as follows.

L e m m a  5 .2  Given a statically typed module  (P . ^ p ) .  a s tat ic controller type >-q C I p  x X p  

which is stat ic-composable with > p .  a control objective p  over  X p .  and a state s o f  P .  the
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s tate s is single-step static-controllable with respect to by a controller with static type > q

i f f  m > ~ Q. <?)[*].

D eciding th e  t r u th  value o f a boo lean  fo rm ula  w ith  H enkin  q u an tifie rs  is com plete  for NE. 

even if th e  fo rm ula has th e  re s tr ic ted  form  show n above [GLV95].

T h e o r e m  5 .6  The fixed-type single-step and mul t i -s tep s tat ic-control  problems arc com­

plete f o r  NE.

Unlike M oore m odules, a  s ta tic a lly  ty p ed  m odu le  m ay no t have a  m ost s ta te -g en era l con­

tro ller.

P r o p o s i t i o n  5 .6  There is a statically typed module and  a control objective such that there 

is no most  s tate-general  single-step s tatic-controller.  nor  a mos t  s tate-general mul ti -step  

static-controller.

Exam ple 5.10 Let ( P . > p )  be a statica lly-typed  module? having the output variables 

O p  - { x o -x i .c } .  the input variables Ip  = {.yo-l/i}- the transition predicate rp  = ( z' -  z I. 

and the static type > p = {xo >- /yo- -̂ i >- y i \ -  T he control objective is ^  =  (r A ( ; / 1 =

x 0) ) V ( - c  A (;/0 =  x i ) ) .  For every sta te .s of P  there is a sfafir-controller ( Q . ^ q ) such

that .s is sfafic-controllable by ( Q . > q ) w ith respect to yr: If c fs j . then tq =  (;/, =  x(,) and

i/i x 0: If -c [ .s j . then t q  = (y'0 =  x't ) and go X [ .  However, due to the acyclicity

requirement for dependency relations, there is no single .stade-controller that, controls all 

states o f P .  For the sam e reason. (P . > p )  does not have a m ost state-general m ulti-step  

shif/c-controller for the control objective y . ■

5 .5 .4  D y n a m ica lly  ty p ed  control

T h e  so lu tio n  o f con tro l problem s for d y n am ica lly  ty p ed  m odules closely parallels 

th e  so lu tio n  for s ta tic a lly  ty p ed  m odules.

L e m m a  5 .3  Given a dynamical ly typed module (P.  { ( t 'p > p )  | I <  i < rn \ ). a control 

objective yr over  X p .  and a state s o f  P .  the fo l lowing asser t ions  hold:

•  The state s is single-step dsynt-controllable with respect to yj i f f  there is a linear order  

I  o f  X p  which is compatible with all > lp. f o r  I <  i <  m . such that  C (^ . y )[ .s |.
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•  The state s is single-step dsem-controllable with respect to i f f  there is a l inear order

f  o f  X p  which is compatible with > p .  such that C{£.<p)\s\.

Theorem  5.7 For  a  G {dsynt.  dsem }. the single-step a -con trol  problem is complete for  

P S P A C E .  a nd  the mul ti -s tep  a-control  problem is complete f o r  E X P .

Hence, th e  co n tro l p rob lem s for s ta tic a lly  an d  d y n am ica lly  ty p e d  m odules have th e  sam e

com plexity . T h is  app lies also to  th e  fixed-type co n tro l p rob lem s.

Lem m a 5.4 Given a dynamical ly  typed module (P. D p ) ,  a module class a  G {dsynt.  dsem}.  

a dynam ic  control ler type D q  = {(>Pq'^~q) | 1 <  £ <  r n } which is a-composable  with D p .  

a control objective p  over X p .  and  a state s o f  P .  the s tate s is single-step at-controllable 

with respect to p  by a controller with dyn am ic  type D q  i f f  H(>~Q.p)  [.sj].

Theorem  5.8 For at G {dsynt .  t l sem}.  the fixed-type single-s tep  a nd  mul t i-step  n-contrnl  

problems are complete f o r  NE.

D ynam ically  ty p ed  m odules w ith  sy n tac tic  co m p o sitio n  do n o t necessarily  have a m ost 

s ta te -g en e ra l con tro lle r. In c o n tra s t, d y n am ica lly  ty p ed  m odu les w ith  sem an tic  com position  

alw ays have a  m ost s ta te -g en era l con tro ller, b u t th ey  m ay no t have a  m ost general one.

Proposition 5.7 The fol lowing asser tions hold:

•  There is a dynamical ly  typed module and  a control objective such that there is no most  

state-general single-step dsynt-controller.  nor  a mos t  s ta te-general  mul t i-step dsynt-  

controller.

•  For evertj dynamically typed module a nd  every control objective,  there is a most  state-  

general single-step dsem-control ler.  and there is a most  s ta te-general  mul t i-step  dsem-  

controller.  However,  there is a dynamically typed module an d  a control objective such 

that  there is no mos t  general single-step dsem-control ler.  n o r  a most  general  mul ti -step  

dsyn t-co ntroller.

Exam ple 5.11 T h e  s ta tic a lly -ty p ed  m odu le  (P.  >-p) o f E x am p le  5.10 can  be  viewed as a 

d y n am ica lly  ty p ed  m odu le  (P . D p )  w hose d ep en d en cy  re la tio n  is th e  sam e for every s ta te , 

i.e.. D p  =  {(T. >-p)}. T h e  co n tro l o b jec tiv e  is y; =  ((//i =  x 0 ) V (y0 =  x \ ) ) .  T here  

ex ists  a t  least tw o sing le-step  risem -controllers w hich co n tro l every  s ta te  o f P : th e  first
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con tro ller ( Q i .D q , )  has th e  tra n s itio n  p red ica te  t q , =  (y( =  Xg) a n d  d ep en d en cy  re la tio n  

{ t .  (/i >- xo}: th e  second co n tro lle r Q i  has th e  tra n s itio n  p re d ic a te  t q =  (y'Q =  x'[) an d  

dep en d en cy  re la tio n  { t.i /o  >- X[}: However, th e re  is no m ost general s ing le-step  dsem - 

contro ller. To co n tro l P  w ith  resp ec t to  q  in a  m ost g en e ra l way. a  co n tro lle r Q  w ith  th e  

tran s itio n  p re d ic a te  tq  =  ( (y'Q = x \  )V(y't =  Xq)) w ould be  req u ired . Such a  co n tro lle r can  be 

ty p ed  only  if d y n am ic  types a re  generalized  to  a d m it d is ju n c tio n s  o f co m p o site  d ependency  

re la tions. I

5.5 .5  D ep en d en t ty p e  con tro l

C onsider th e  sing le-step  a rb itra ry - ty p e  co n tro l p rob lem  ((P . C p ) .  s. ip). It is convenien t to 

view th e  co n tro l p rob lem  as a  gam e betw een th e  d ep en c len t-ty p e  m odu le  ( P . C p )  a n d  its 

contro ller. T h e  gam e is p iayed on  th e  reduced micro-s tep  graph R M G  s ( P. C p ). o b ta in ed  

from th e  m icro -step  g ra p h  M G s ( P . C p )  by p ru n in g  for all mixed  vertices a .  i.e.. vertices 

having  b o th  o u tg o in g  P -  a n d  P -edges. a ll P -edges o u tg o in g  from  a .  In tu itive ly , th e  reduced  

g rap h  rep resen ts  th e  s itu a tio n  in w hich the  m od u le  P  has p recedence over P  in u p d a tin g  

variable values.

N ote th a t  every  n o n te rm in a l vertex  o f th e  reduced  m icro -step  g ra p h  e ith e r has only  

o u tgo ing  P -ed g es o r has only  ou tg o in g  P -edges. VVe call th e  vertices w ith  on ly  ou tgo ing  

P -edges th e  module vertices,  an d  th e  vertices w ith  on ly  o u tg o in g  P -edges th e  environmen t  

vertices.  T h en  we solve th e  gam e by th e  follow ing m ark in g  a lg o rith m . A te rm in a l vertex  

o  =  (s. t!) is m arked  if V a r ( t ' )  D X'p  an d  ^ [f f . A m od u le  v ertex  «  is m arked  if a ll successors 

3  o f a  a re  m arked . A n en v iro n m en t vertex  a  is m arked  if som e successor 3  o f  a  is m arked . 

T h e  answ er to  th e  given s ing le-step  un k n o w n -ty p e  co n tro l p ro b lem  is Yes iff th e  vertex  (.s. (/)) 

is m arked.

If th e  answ er to  th e  con tro l p rob lem  is Yes. th e n  th e  m ark in g  a lg o rith m  also 

suggests a  way o f sy n th esiz in g  a  d e p e n d en t-ty p e  co n tro lle r ( Q . C q )  as a  se t o f g u a rd ed  

com m ands T. G iven  a  s ta te  s €  S p .  d en o te  by  y., th e  characteris tic f o rm u la  o f  s. defined 

by \ s =  / \{ x  | ( x .T ) 6  s} A I (X- F) €  s}-. T h e  co n tro lle r has th e  o u tp u t  variab les

O q  =  I p  a n d  in p u t variab les I q  =  O p .  For every  m ark ed  en v iro n m en t vertex  a  =  (s . t ' )  

in the  reduced  m icro -step  g ra p h , choose one m arked  successor ( s . t '  U { (x '.6 )} ) o f o .  an d  

ad d  to  T th e  g u a rd ed  co m m an d  |x ,  A \ t> —► x '  =  6 . Like co m p o sab ilitv  checking, the  

sing le-step  u n k n o w n -ty p e  co n tro l p rob lem  for d e p e n d e n t- ty p e  m odu les is no h a rd e r th a n  its
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c o u n te rp a rt for d y n am ica lly  ty p e d  m odules.

T h e o r e m  5 .9  The single-step unknown-type  control problem f o r  dependent-type  modules  

is P SP ACE-c omplet e .  The mul t i -s tep unknown-type control problem f o r  dependent-type  

modules is EXP -comp let e .  Moreover,  i f  the answer  is Yes. then a dependent-type  controller  

can be synthesized.

T h e  fixed-type co n tro l p ro b lem  is co m p u ta tio n a lly  h a rd e r  th a n  th e  unknow n-type 

con tro l p rob lem , a lth o u g h  it is no h a rd e r th a n  its co u n te rp a rt for d y n am ica lly  ty p ed  m od­

ules. T h e  a d d itio n a l com plex ity  is due  to  th e  fact th a t  we need  to  c o n s tru c t exp lic itly  the  

m icro-step  g rap h .

T h e o r e m  5 .1 0  The single-step fixed-type control problem f o r  dependent-type  modules is 

complete f o r  N E.  The mut l i -s tep  fixed-type control problem f o r  dependent-type  modules is 

complete f o r  NE .  Moreover,  i f  the ans wer  is Yes. then a dependent- type controller can be 

synthesized.

P r o o f .  To solve th e  fixed-type sing le-step  contro l p rob lem  ( ( P . C p ) . C q .  s.^z).  one can 

guess a  su b g ra p h  G  o f th e  red u ced  m icro -step  g rap h  R M G s( P . C p ) .  a n d  check th a t  ( 1 ) the  

vertex  (s.<d) is in G: (2) for all m odu le  vertices n  in G.  all successors o f o  a re  also in G:

(3) for all env iro n m en t vertices o  in G.  th e re  is exactly  one successor 3  o f a  in G  such th a t  

( o .d )  is an  edge in G:  (4) for a ll te rm in a l vertices (s . t ' } .  we have (5) th e  con tro ller

respects  th e  variab le  d ep en d en cy  re la tio n  C q  a t all env iro n m en t vertices in G.  All o f these 

cond itions can  be checked in tim e  po lynom ia l in the  size o f G.  N E -h ard n ess  com es from 

th e  fact th a t  d e p e n d en t-ty p e  m odules can  encode d ynam ica lly  ty p ed  m odules. I

Like d y n am ica lly -ty p ed  m odules, a  d ep e n d en t-ty p e  m o d u le  alw ays has a  m ost 

s ta te -g en e ra l con tro lle r, b u t m ay no t have a  m ost general con tro ller.

P r o p o s i t i o n  5 .8  For every dependent  type module and every control objective, there is a 

mos t  s tate-general  single-step dep-controller.  and there is a mos t  s tate-general  mul ti -step  

dep-controller.  However,  there is a dynamical ly typed module and a control objective such  

that there is no most  general single-step dep-controller.  nor  a m o s t  general mul ti -s tep dep- 

controller.
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E x a m p le  5 .1 2  T h e  d y n am ica lly -ty p e d  m odule (P. D p )  in E x am p le  5.11 can  be  viewed 

as a  d ep en d en t-ty p e  m o d u le  ( P . C p )  such  th a t  C p  =  { (T .x  ^  ( J { y | x  >-’ y \ )  \ x  €  -Yp}- 

S im ilarly  for th e  co n tro lle rs  ( Q t . D q , ) .  i €  {1.2} can  also be view ed as th e  d ep en d en t-ty p e  

m odules ( Q i . C q J .  However, th e re  is no sing le d ep e n d en t-ty p e  c o n tro lle r  whose tran s itio n  

re la tion  im plies b o th  TQt . i  G {1-2}. T h is  is because even d e p e n d e n t- ty p e  m odules do not 

allow d is ju n c tio n  o f d ep en d en cy  re la tio n s . I

5 .5 .6  U n restr ic ted  con tro l

O ne m ay be inclined  to  define th e  following "u n re s tr ic te d  synchronous contro l 

problem ": given a  non-b lock ing  m o d u le  P.  a  s ta te  .s o f P.  an d  a  p re d ic a te  p  over X p .  is 

th e re  a  m odu le  Q  co m p o sab le  w ith  P  such th a t (1) th e  sy n ch ro n o u s co m p o sitio n  P\\Q  is 

non-blocking, an d  (2 ) th e  answ er to  th e  sing le-step  (resp. m u lti-s tep ) verification  problem  

(P\ \Q.  s. p)  is Yes. T h is  fo rm u la tio n , however, m akes no d is tin c tio n  betw een  o u tp u t  and  

in p u t variab les, an d  th u s  p e rm its  th e  co n tro lle r Q  to  a rb itra r i ly  c o n s tra in  th e  o u tp u t  vari­

ab les of P .  as long as th e  co m p o u n d  sy stem  P\\Q  is non-blocking. T h u s , th e  "u n res tric ted  

synchronous con tro l p rob lem " is n o t a  co n tro l problem  a t  a ll in th e  tra d it io n a l sense, be­

cause it s im ply  asks for th e  ex istence o f a  tran s itio n  (in th e  s in g le-s tep  case) or ru n  (in the  

m u lti-s tep  case). T h e  s in g le-s tep  so lu tio n  am o u n ts  to  ev a lu a tin g  th e  boo lean  form ula 

(3X'P )(rp  A <f2, )(-sl- an d  like in v arian t verification, th e  m u lti-s tep  p ro b lem  is com plete  for 

PSPA C E . N ote th a t  if th e  non-b lock ing  requ irem en t (1) is also d ro p p e d , th en  th e  ap p ro ­

p ria te  s ing le-step  fo rm ula  is (3 A 'p )( rp  -> ^ ') [s ] . w hich p e rm its  th e  co n tro lle r to  block the  

progress o f P.

5 .5 .7  T h e re la tiv e  pow er o f  con tro llers

Recall th e  m o d u le  class o rd e rin g  async < moore < s ta t ic  < dsynt  < dsem < 

dep.  T h e  following p ro p o sitio n  e s tab lish es  th a t  th is o rd e rin g  s tr ic tly  o rd ers  th e  pow er o f 

controllers.

P r o p o s i t i o n  5 .9  For all module classes  a .  3  6  A with a  <  3.  there is a module P  €  .Vta . 

a control objective p  over  X p .  a nd  a s tate s o f  P .  such that s  is not  single-step (resp. multi-  

step) a-controllable with respect to p .  but s  is single-step (resp. mul t i -s tep)  3 -controllable 

with respect to p .
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Exam ple 5.13 As an  ex am p le  show ing th a t  an  a.sj/nc-controller is s tr ic t ly  less pow erful 

th a n  a  m oore-controller. co n sid er th e  m odule P  which has one o u tp u t v ariab le  O p  =  {x} 

a n d  one in p u t variab le  I p  =  { y } .  T h e  tran s itio n  re la tio n  for P  is Tp =  ( x ® x ; ). T h e  single- 

s tep  con tro l ob jective is ip =  (x  ©  y ) .  C learly, th e  s ta te s  x  =  T. y  — F an d  x  =  F. y  =  T are  

no t asynchronously  co n tro llab le , since a t m ost one m odule can  m ake a  tra n s it io n  a t  any  s tep . 

However, these s ta te s  can  be o u tp u t  by th e  M oore co n tro lle r Q  such  th a t  t q  = {y'  =  x ) . In 

fact, th is  con tro ller con tro ls  every  s ta te  o f PM

Exam ple 5.14 C o n sid er th e  sam e con tro l problem  for m odu le  P  in E x am p le  5.13. excep t 

th a t  th e  tran s itio n  p red ica te  for P  is now rp  =  T. C learly , no s ta te  o f P  can  be o u tp u t 

by a  m oore-contro ller. B u t th e re  is a  s fa h r-co n tro lle r  Q  th a t  con tro ls  every  s ta te  o f P : 

rQ = in'  © x ')- w ith  s ta tic  ty p e  y  >- x . i

Exam ple 5.15 T h is  ex am p le  show s th a t  a  s fah c-co n tro lle r is less pow erful th a n  a  dsynt-  

con tro lle r. C onsider E x am p le  5.6. O u r sing le-step  con tro l ob jec tive  to  m o d u le  Q  is y? = 

(x  =  _iz). C learly  no s ta te  o f  ,s can  be contro lled  by a  stab 'c -con tro ller. B u t all s ta te s  can 

be con tro lled  by a  dsi/n i-con tro ller. nam ely  P\M

Exam ple 5.16 C onsider th e  sing le-step  contro l p roblem  in E xam ple  5.10. A ny dsynt-  

co n tro lle r for m odule P  can  co n tro l e ith e r th e  s ta te s  w ith  c =  F. or th e  s ta te s  w ith  z = T. 

b u t n o t b o th . However, every  s ta te  can  be contro lled  by th e  f/.scrn-controller Q  defined as 

Tq =  (c A (</[ =  X q ) )  V (- iz / \ (y '0 =  X j ) ) .  an d  w ith  d y n am ic  ty p e  D q  =  { U .i/i >- x 0 ). (^ c .  ; /0 >- 

X!)}. ■

Exam ple 5.17 Let P  be th e  d y n am ica lly -ty p ed  m odule w ith  I p  = {u.  e} an d  O p  =  {x}. 

an d  th e  following g u ard ed  com m ands:

J u' -+ x' =  - V  
(P.  Dp)  =  | -,ti' —► x ' =  T

I - V  -> x ' =  F
T h e  co n tro l ob jective is x  =  c. T h e re  is no dynam ica lly  ty p ed  co n tro lle r (a t any  s ta te ) ,  

b ecause  such a co n tro ller w ould  have x  dep en d en t on v. an d  P  can  set x  to  be ->r. B ut 

a  d ep e n d en t-ty p e  co n tro lle r can  change th e  dependencies, nam ely, hav ing  x  no t d ep en d en t 

on  an y  variable an d  having  i; d ep e n d en t on  x. T h e  following is a  d e p e n d e n t- ty p e  con tro ller:
fl T u' =  F

( Q- C q ) =  A > - ■

j] T —> u' = x '
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Chapter 6

Synthesis o f U nin itia lized  System s

In sequential  synthes is ,  we tran sfo rm  a  tem p o ra l specification  in to  a  reactive  system  

th a t  is g u aran teed  to  sa tis fy  th e  spec ifica tion . A closed sys tem  th a t m eets th e  specification  

can  he e x tra c ted  from  a  m odel th a t  satisfies th e  spec ification , th a t  is. th e  syn thesis  o f 

closed system s am o u n ts  to  solving a  sa tisfiab ility  (3) p rob lem  [EC82]. However, as  arg u ed  

for tran sfo rm a tio n a l sy stem s in [M W 80]. an d  for reactive  system s in [ALVV89. Dil89. PR 89aj. 

th e  syn thesis  o f open sys tems,  w h ich  in te rac t w ith  an  unknow n env ironm en t, recjuires th e  

so lu tio n  o f a  V3 prob lem : for all sequences o f in p u ts , th e re  ex ists a  sequence o f o u tp u ts  

th a t  satisfies th e  spec ification . C o n sid er, for exam ple , a  schedu ler for a  p rin te r  th a t  serves 

two users. T h e  schedu le r is an  o p en  system . E ach tim e  u n it it reads th e  in p u t signals .71 

an d  .72 (a  jo b  sent from  th e  first o r second  user, respectively ), an d  w rites the  o u tp u t signals 

P I  an d  P 2  (p rin t a  jo b  o f th e  first o r second user, respectively ). T h e  schedu ler shou ld  

be designed  so th a t  jo b s  o f  th e  two users a re  no t p rin ted  sim ultaneously , an d  w henever a  

u ser sends a  jo b . th e  jo b  is p rin ted  eventually . O f course, th is  shou ld  hold no m a tte r  how 

th e  users send  jobs. We can  spec ify  th e  req u irem en t for th e  schedu ler in term s o f a  l inear  

temporal  logic (LTL) fo rm ula  ip [P n u S l]. such as

□  (.71 -4  o ( - .7 1  U P l ) )  A D(.72 -> G (-.72£7  P 2 )) A □ -( .7 1  A .72).

E vidence o f it'a sa tis fiab ility  (n o te  th a t  w is sa tisfied  in a  s tru c tu re  in w hich th e  four signals 

never occur) is no t o f m uch help  in  e x tra c tin g  a  correct scheduler: w hile such ev idence on ly  

suggests a  schedu ler th a t  is g u a ra n te e d  to  sa tis fy  it for some  in p u t sequence, we w ant a  

sch ed u le r th a t  satisfies it for all  possib le  sc rip ts  o f jo b s  sen t to  th e  p rin ter.

We now m ake th is  in tu itio n  form al. A stream transducer  is a  function  th a t ,  given
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an  infin ite  sequence o f in p u ts , p roduces an  in fin ite  sequence o f o u tp u ts . In p a r tic u la r , for 

th e  set I  o f in p u ts  signals an d  th e  set O  o f o u tp u t  signals, a  s tream  tra n sd u c e r  is a  function  

from  (2/ )•*■' to  (2°)■*■'. A s tream requirement  is a  b in a ry  re la tion  betw een in p u t s tream s an d  

o u tp u t s tream s: th a t  is. a  s tre a m  req u irem en t is a  su b se t of (2l )~' x (2°)- '  o r. equivalently , 

a  se t o f in fin ite  words in (2ru° ) ~ . T h e  s tre a m  tra n sd u c e r  T  realizes the  s tre a m  req u irem en t 

R  iff for every  in p u t s trea m  r  6  (2 / )~. we have R ( t . T { t )). S tream  req u irem en ts  can  be 

specified by LTL form ulas over th e  set /  U O  o f a to m ic  p ropositions, o r by automata on 

infinite words over th e  a lp h a b e t 2 t 'J° . S tream  tran sd u ce rs  can be im p lem en ted  by s ta te  

m achines th a t  proceed ad  in fin itum . T h e  f in i te-s ta te  implementat ion  o f a  s tre a m  tran sd u c e r 

is a  d e te rm in is tic  f in ite -s ta te  m ach ine th a t ,  from  a  given s ta te  on a  given se t o f  in p u t signals, 

generates a  se t o f o u tp u t  signals an d  moves to  a  successor s ta te . T h e  realizability problem  

(R P ) asks, given a  s trea m  req u irem en t R.  if th e re  is a  fin ite-sta te  im p lem en ta tio n  o f a 

s tre a m  tra n sd u c e r th a t  realizes R.  T h e  sequential  synthes is  problem,  th e n , is to  find a 

fin ite -s ta te  im p lem en ta tio n  (if one ex ists). T h e  R P  was first s ta te d  by C h u rch  [C'hu62] for 

s tream  req u irem en ts  specified in th e  sequential  calculus.  Since th en , several so lu tio n s for 

th e  R P  have been s tu d ied : [BL69. Rab72] show ed th a t  the  R P  is q u a d ra tic  (exponen tia l) 

if th e  spec ification  is a  d e te rm in is tic  (n o n d e te rm in is tie ) Biichi au to m a to n : [PR89a] showed 

th a t  th e  R P  is doub ly  ex p o n en tia l if th e  spec ifica tion  is an  LTL form ula (researchers from  

con tro l th eo ry  also s tu d ied  th e  R P  in th e  co n tex t o f superv iso ry  con tro l for d iscre te -even t 

system s [RYV89]). T h e  so lu tions to  th e  R P  can  be ex ten d ed , w ith in  th e  sam e com plex ity  

bounds, to  co n stru c t f in ite -s ta te  im p lem en ta tio n s, so th a t  a  so lu tion  to th e  R P  im m ed ia te ly  

provides a  so lu tio n  also to  th e  seq u en tia l sy n th esis  p roblem  [RabTO. M S95. KY99].

In  p rac tice , sequen tia l h a rd w are  is o ften  designed  to  o p e ra te  w ith o u t p rio r in itia l­

ization : th a t  is. it is su p p o sed  to  sa tisfy  its in p u t-o u tp u t requ irem ents if s ta r te d  from  any  

s ta te . Uninitialized state machines,  which m odel such  hardw are  designs, recpiire no reset 

c ircu itry  an d  therefo re have an  ad v an tag e  o f sm alle r area. A w ell-know n ex am p le  o f an  

u n in itia lized  s ta te  m achine is th e  IE E E  L149.1 s ta n d a rd  for b o u n d ary -scan  te s t [Com90]. 

U n in itia lized  s ta te  m achines a re  also necessary  for th e  safe replaceability o f  seq u en tia l c ir­

cu its  [SP94]. w here a  s ta te  m ach ine is rep laced  by a n o th e r one in such  a  way th a t  th e  

su rro u n d in g  env ironm en t is u n ab le  to  d e tec t th e  changes. T h e  rep lacing  s ta te  m ach ine m ay 

pow er-up in  an  a rb itra ry  s ta te , an d  is th ere fo re  u n in itia lized . T h e  verification  p rob lem  of 

decid ing  w h e th e r an  u n in itia lized  s ta te  m ach ine safely replaces an o th e r  m ach ine , is s tu d ied  

in [SP94]. T h e  o p tim iza tio n  p rob lem  for u n in itia lized  s ta te  m achines is s tu d ie d  in  [Q BSP96].
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In  th is  d isse rta tio n , we s tu d y  th e  sy n th esis  p rob lem  for un in itia lized  s ta te  m achines.

G iven  a  s tre a m  req u irem en t R.  th e  unini t ia li zed  realizability problem  (U R P ) asks 

if th e re  is a  f in ite -s ta te  im p lem en ta tio n  M  th a t  satisfies R  no m a tte r  w h a t th e  in itia l s ta te  

o f A / is. T h e  unini t ial i zed synthesis  problem,  th en , is to  find such an  A / (if one ex ists). 

We s tu d y  th e  U R P  for s tre a m  req u irem en ts  th a t  a re  specified by LTL fo rm ulas o r Biichi 

a u to m a ta . We co n sid er d e te rm in is tic  an d  n o n d e te rm iu is tic  Biichi a u to m a ta , as  well as 

u n iv ersa l B iichi a u to m a ta , w hich accep t a  w ord iff a ll ru n s are  accep ting , an d  a lte rn a tin g  

Biichi a u to m a ta , w hich  allow  b o th  n o n d e te rm in is tic  an d  universal b ran ch in g  m odes. T h e  

so lu tio n  o f th e  U R P  is q u ite  s tra ig h tfo rw ard , an d  is d one by a  red u c tio n  to  th e  R P : if  th e  

s tre a m  req u irem en t R  is an  LTL form ula, th en  th e  U R P  for R  can  be red u ced  to  th e  R P  

for th e  LTL fo rm u la  always (R)  =  □ /?: if R  is a  B iichi au to m a to n , th en  th e  U R P  for R  can  

be red u ced  to  th e  R P  for th e  a u to m a to n  always ( R ) .  w hich is o b ta in ed  from  R  by ad d in g  a 

un iversa l self-loop a t  th e  in itia l s ta te . It is not h a rd  to  see th a t  an  in fin ite  w ord w  (i.e.. a 

p a ir  o f in p u t an d  o u tp u t  s tream s) satisfies always (R)  iff tv and  all its suffixes sa tisfy  R.  T h is  

im plies th a t  R  is rea lizab le  by an  u n in itia lized  im p lem en ta tio n  iff always (R)  is rea lizab le . As 

in th e  in itia lized  case, a  so lu tio n  to  th e  u n in itia lized  syn thesis  p roblem  follows im m ed ia te ly  

from  a  so lu tion  to  th e  URP.

W hile th e  above so lu tio n  is s tra ig h tfo rw ard , it m ay lead to  u p p e r  b o u n d s  th a t 

a re  ex p o n en tia lly  w orse th a n  th e  com plex ity  o f th e  R P  for th e  co rresp o n d in g  form alism . 

For exam ple , w hile for LTL spec ifica tions b o th  R P  an d  U R P are  d o u b ly  e x p o n e n tia l, for 

d e te rm in is tic  B iichi a u to m a ta , w here th e  R P  is q u a d ra tic , th e  p resen ted  so lu tio n  o f th e  U R P  

is ex p o n en tia l. T h e  reason is th a t  th e  a u to m a to n  always (R)  has a  un iversa l b ra n ch in g  m ode, 

w hich R  m ay no t have, an d  th is  m akes th e  U R P  ex p o n en tia lly  harder. In p a r tic u la r , if R  is 

a  d e te rm in is tic  au to m a to n , th e n  always (R)  is un iversa l, an d  if R  is n o n d e te rm in is tic . th en  

a iw ays (R)  is a lte rn a tin g . C an  th e  ex p o n en tia l b low -up  be avoided by a  m ore so p h is tic a ted  

so lu tio n ?  We an sw er th is  q u es tio n  in th e  negative by p roving  co rresp o n d in g  lower b o u n d s 

for th e  U R P o f a ll d iscussed  form alism s. Unlike th e  u p p e r  bounds, th e  lo w er-bound  proofs 

a re  n o t im m ed ia te , a n d  are  th e  m ain  techn ical co n trib u tio n s  o f th is  work. O u r  re s id ts  im ply  

th a t  spec ification  form alism s th a t  s u p p o r t  an  easy  im p lem en ta tio n  o f th e  always  o p e ra to r, 

such  as LTL an d  a lte rn a tin g  a u to m a ta , have, un like d e te rm in is tic  an d  n o n d e te rm in is tic  

a u to m a ta , a lre ad y  ''b u ilt-in "  th e  com plex ity  o f  u n in itia lized  synthesis.

We say th a t  a  s tre a m  req u irem en t R  is unini tial ized  if for all in fin ite  w ords w. 

we have w  sa tisfies R  iff all suffixes o f  w  sa tisfy  R.  T h is  is th e  sam e as ask in g  if th e  two
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fo rm ulas, o r a u to m a ta . R  an d  always (R)  a re  equ ivalen t. For exam ple , th e  LTL spec ifica tion  

□ p  for a n  o u tp u t  signal p  is u n in itia lized , as w  satisfies Up  iff all th e  suffixes o f  w  sa tisfy  Up.  

For u n in itia lize d  s trea m  req u irem en ts , th e  U R P  coincides w ith  th e  RP. As th e  equivalence 

p ro b lem  is easie r th a n  th e  co rresp o n d in g  U R P  in all cases, it follows th a t  for spec ifica tion  

fo rm alism s w hose U R P  is h a rd e r  th a n  R P. th e re  is an  ad v an tag e  to  first checking if th e  

sp ec ifica tio n  is u n in itia lized . In  th e  final sec tio n , we show  th a t  th e  unini tial ized specification 

problem  (U S P ). which asks if  a  given s tre a m  requ irem en t R  is u n in itia lized , is. for all 

co n sid ered  form alism s, no easie r th a n  th e  g en era l equivalence problem .

6.1 Prelim inaries

T r e e s .  G iven  a  finite set D  o f  d irec tio n s , a  D -tree  is a  se t T  C D"  such th a t  if x  ■ d £  T .  

w here x  £  D ’ an d  d  £  D.  th en  also x  £ T .  T h e  e lem ents o f T  a re  called  n o d e s ,  an d  th e  

em p ty  w ord e is th e  r o o t  of T .  For every x  £ T .  th e  nodes x  • d £  T .  for d  £ D.  a re

th e  s u c c e s s o r s  of x .  Each node x  £  T  has a  d irec tio n  d i r ( x )  in D.  nam ely, d i r ( e )  = r/ ' 1

for som e d es ig n a ted  d° 6  D.  an d  d i r ( x  ■ d )  —  d .  A p a th  tt of th e  tree  T  is a  set -  C T  

such  th a t  e  £  t t .  an d  for every x  £  ~ .  ex ac tly  one successor of x  is in ~ .  G iven two fin ite

se ts  D  a n d  E . a  E -labeled  D -tree  is a  p a ir  ( T . V )  w here T  is a  D -tree , an d  V  : T  —r E

m aps each  node o f T  to  a  le t te r  in E . Vve ex ten d  V  to  p a th s  in th e  s tra ig h tfo rw ard  way:

for a  p a th  ~  =  {e. w q .  w q w \  }. we have V ( ~ )  = V ( f ) V ( a 'o ) U ( icquui) . . .  We say th a t  a

(D  x  E )- lab e led  D -tree  ( T . V )  is D-exhaus t i ve  if T  — D*. an d  for every node w £  D*. we 

have V ( w )  =  ( d i r ( w ) . o )  for som e a  £  E .

A l t e r n a t i n g  B i ic h i  A u t o m a t a .  For a  g iven finite se t X .  let S + ( A”) be th e  se t o f positive  

b o o lean  form ulas over A'. A su b se t Y  C A' satisfies a  fo rm ula 0 £  B ~ ( X )  if th e  t r u th  

ass ig n m en t th a t  assigns true  to  th e  m em bers o f  V* an d  assigns false  to  th e  m em bers o f A" \  Y  

sa tisfies 9. A n alternat ing Biichi au tom aton  IA =  (E . U. u q .  d. F )  consists o f an  a lp h a b e t E . 

a  se t U  o f s ta te s , an  in itia l s ta te  uq £  U.  a  tra n s itio n  function  <) : U  x E  —>• B ~ ( U ) .  an d  

a  se t F  C  U  o f accep ting  s ta te s . A run  o f  U. on an  in fin ite  w ord w  =  wtyw\ . . .  in E~ is

an  in fin ite  [/-lab e led  D -tree  (T . r ). w here D  =  { 1  K l}- such th a t  r(e) =  uo an d  th e

follow ing holds: for all nodes x  £  T .  if |x | =  i an d  r (x )  =  u an d  i ) (u .w t ) =  9. th en  x  has

k  successors x i  x^. for som e k  <  |C '|. a n d  ( r ( x [ ) .........rfx*.)} satisfies 9.  A ru n  ( T .r )

is accept ing  if every p a th  o f ( T . r )  v isits  th e  accep tin g  se t F  in fin ite ly  o ften . A n in fin ite  

w ord w  is accep ted  by U. if th e re  ex ists  a  ru n  (T . r) on  w  such  th a t  (T . r)  is accep ting . T h e
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language L{U)  o f U  is th e  se t of in fin ite  w ords accep ted  by U.

F i n i t e  S t a t e  M a c h in e s .  A f in i te  state machine  (FSM ) M  =  { I . O . Q . q in. p. A )  consists  of 

a  fin ite  se t I  o f in p u t signals, a  fin ite  se t O  o f  o u tp u t  signals, a  finite s ta te  set Q.  an  in itia l 

s ta te  qm €  Q.  a  tran s itio n  func tion  p : Q  x 2l —> Q  an d  an  o u tp u t function  A  : Q —> 2 ° .  VV'e 

a ssu m e th a t  th e re  is a  specia l o u tp u t signal init  such th a t  init  £  A ( r / )  iff q = qtn. W e  also 

assu m e th a t  th e re  is a  n onem pty  set In (q in ) C 2 / such th a t  for each io £  I n ( q in)- th e re  is 

a  r/ £  Q  such  th a t  p(q. io)  = q,n : th a t  is. th e  s ta te  q m is reachab le  via som e in p u t (if  th is  is 

n o t th e  case, we can ad d  a  new s ta te  from  w hich qlfl is reachab le). An FSM  M  in te rac ts  

w ith  its  env iro n m en t th ro u g h  its in p u t an d  o u tp u t  signals. In itially . M  is a t th e  in itia l s ta te  

<7o =  (l m - T h e  env ironm en t in itia te s  th e  in te ra c tio n  by in p u ttin g  som e in p u t t 'o £ I n ( q m ). 

T h e n . M  s ta r ts  o p e ra tin g  by o u tp u ttin g  A ( r / o ) .  to  w hich th e  th e  env ironm ent replies w ith  

som e i[ £  2 r . T h e  FSM  M  replies by m oving to  th e  s ta te  q\ =  p(qa. i \ )  and  o u tp u tt in g  

A ( r / i ) .  In te rac tio n  th en  con tinues ad  in fin itum .

Hence, the  FSM  M  can  be viewed as a  strategy S \ i  : (21) ’ 2 °  th a t  m aps

every  fin ite sequence o f in p u ts  to  an  o u tp u t. To define S \ [  formally, we first define th e  

fu n c tio n  C \ /  : (2 / )‘ —> Q  th a t  m aps each finite* in p u t sequence to  th e  s ta te  v isited  a fte r 

th e  sequence has been read: C .u (r) =  q m . an d  C 'u ( 'i  . . .  in ) =  p(C\ \i( i  \ t,,). T h e

s tra te g y  S \ i  induced  by M  is th en  defined for every  tc £  (21)'  by S \ / (u ' )  =  A(C \ [ (w ) ) .  

N ote th a t  th e  first in p u t i0 m erely in itia te s  th e  in te ra c tio n  an d  does not have any  effect 

on  th e  beh av io r of M :  it is d isreg ard ed  in th e  d efin itio n  o f C w - Each infin ite sequence 

i0 i l . . .  £  I n ( q m ) ■ (2r p ’ induces a  computat ion  (z0. S .u ( e ) ) ( i i . S\[{ i\ ) )( i>.  S \ t ( i i i> ) )  ■ • - €  

(2l  x 2°)^ '  o f A /. T h e  language L ( M )  is th e  set o f all co m p u ta tio n s  o f M .  We refer to  the  

language also as a  se t o f in fin ite w ords in (2 / u 0 )“ . w here io q  . . .  induces th e  c o m p u ta tio n  

( ifi U S_\f(e)) ■ (ix U S .u (q ) )  • (i-> U S,\[(iii->)) . . .  £  (2 / u 0 )^'. T h e  s tra teg y  S.\/ induces, for 

a  given first in p u t «o £  I n ( q in). a  computat ion tree w hose b ranches co rrespond  to  e x te rn a l 

n o n d e te rtn in ism  caused  by d ifferent in p u ts , nam ely, the  2 / -exhaustive  (2  ̂ x 2 ° )- la b e le d  2 l - 

tre e  ( (2 l ) ‘ . V )  such th a t  each node w £  (2r x 2 ° )"  is labeled  by V (w )  =  {dirl w). S \ [ ( l c ) ) .  

w here dir(e) = io- N ote th a t  all co m p u ta tio n  trees o f M  d iffer only  in the  first in p u t.

6.2 The U ninitialized R ealizability Problem

In  th is  section  we define an d  solve th e  u n in itia lized  realizab ility  problem . We first 

s t a r t  w ith  th e  (in itia lized) rea lizab ility  p rob lem . G iven a specification  R  over th e  in p u t
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signals I  a n d  o u tp u t  signals O  th e  Realizability Problem  (R P ) for R  asks if th e re  is an  FSM  

M  such  th a t  for a ll th e  w ords w €  L ( M ) .  we have w  j= R.  If  so. we say th a t  R  is realizab le  

by M .  T h e  spec ifica tion  R  can  be  an  LTL form ula, o r a  fin ite -s ta te  Biichi a u to m a to n . If 

R  is an  LTL form ula , th e n  th e  a to m ic  p ro p o sitio n s o f R  a re  I  U O .  an d  th e  re la tio n  |= is 

the u su a l sa tis f iab ility  re la tio n . If  R  is an  a u to m a to n , th en  th e  a lp h a b e t o f  R  is 21 x 2 ° .  

and  th e  re la tio n  is th e  language m em bersh ip  re la tio n , th a t  is. w  f= R  iff w  £  L (R ) .

T he rea lizab ility  p rob lem  is closely re la ted  to  Church's solvability problem  [Chu62]. an d  

it luts been  show n th a t  th e  p rob lem  is solvable in  q u a d ra tic  (ex p o n en tia l) tim e  if R  is a 

d e te rm in is tic  (n o n d e te rm in is tic ) Biichi a u to m a to n  [BL69. R ab72. S af8 8 . P R 89a]. a n d  in 

doubly  ex p o n e n tia l tim e if R  is an  LTL fo rm ula [PR 89a. KV99].

A n uninitia lized  F S M  M  =  ( I . O . Q . p .  A) is sim ilar to  an  FSM  excep t th a t  th e re  

is no in itia l s ta te .  T h e  language L ( M )  — {Jtl^Q L ( M q ) o f M  is s im ply  th e  un ion  o f th e  

languages L(M ,,) .  w here .V/f/ =  ( I . O . Q . q .  p.  A) is th e  FSM  o b ta in e d  from  M  by reg ard in g  

the s ta te  q £  Q  as th e  in itia l s ta te . G iven a  spec ification  R  over th e  in p u t signals /  an d  

o u tp u t signals  () .  th e  uninitialized realizability problem  (U R P ) for R  asks if th e re  is an  

u n in itia lized  FSM  M  such th a t iv R  for all w ords ir 6  L (A I) .  If th e  answ er is yes. we 

say th a t  R  is uninitia lized  realizable by M .

6.2.1 R ed u c in g  U R P  to  R P

We solve th e  U R P  by reducing  it to  th e  R P. For th a t ,  we define, given a  sp ec i­

fication R  over th e  in p u t signals /  an d  o u tp u t  signals O. the  spec ifica tion  a lw ays(R )  over 

I  an d  O  such  th a t ,  for all w ords w £  (2 '  x 2 ° Y .  we have w  satisfies alw ays(R )  iff all th e  

suffixes iv1 o f ic sa tis fy  R.  It is no t h a rd  to  see th a t  th e  U R P for R  can  be reduced  to  th e  

R P for always (R ) .  as s ta te d  in th e  T heorem  below.

Theorem  6.1 Let I  and O  be respectively f in i te  sets  o f  input and  output signals, and  let R  

be a specification over  I  and  O . Then R  is unin itia lly  realizable i f f  a lw ays(R ) is realizable.

Proof. A ssum e first th a t  R  is u n in itia lly  realizab le. Let M  =  ( I . O . Q .  p. A) be an  

un in itia lized  F SM  th a t  u n in itia lly  realizes R .  C onsider an  FSM  M q = ( I . O . Q . q . p .  A ) ,  

for som e q £  Q .  We show th a t  M q realizes always (R ) .  C o n sid er an  in p u t sequence 

t t  =  i o . i i . i y . . .  £  In (q )  - { - r C  to  M q. T h e  sequence induces th e  c o m p u ta tio n  ~ =  

(io-S.\[<l( e ) ) . { i i . S \ r <l( i i ) ) . ( i 2 .S \r , l ( i i i 2 )) ........  For each suffix ~J =  ( iq. 5  a/., (11 - ■ - i j ) ) .  ( i j ~ \ . S .v ,,(ii - - - i

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

C H A P T E R  6. S Y N T H E S I S  OF U N IN IT IA L IZE D  S Y S T E M S 91

of 7T. th e  s ta te  .........i j - i )  is such th a t  rrJ is a  co m p u ta tio n  of M qi . Hence, since

M  u n in itia lly  realizes R .  it m ust be th a t  satisfies R.  It follows th a t  all th e  suffixes o f all 

th e  co m p u ta tio n s  o f AIq sa tisfy  R.  th u s  M q realizes always (R ) .

A ssum e now th a t  always{R)  is realizab le . Let M,hn =  ( I . O . Q . q in. p. A) b e  th e  

fin ite s ta te  m ach ine  th a t  realizes alw ays(R ).  We can  assum e th a t  every s ta te  q £  Q  is 

reachab le  from  th e  in itia l s ta te  qm (o therw ise, we re s tr ic t M,jxn to  its reachab le  p a r t) .  It 

is no t h a rd  to  see th a t  th e  un in itia lized  FSM  M  — ( I . O . Q . p . X )  realizes R.  Indeed , since 

every  w ord w  €  L(.Mq ). for any  q G Q. is a  suffix o f som e w ord w' €  L{M ,hn). th en , by th e  

h y p o th esis , w  )= R.  I

6 .2 .2  C o n stru c tin g  a lw ay.s(R)

G iven  a  spec ification  R.  we co n s tru c t th e  specification  alw ays{R).  F irs t, if R  

is an  LTL form ula, it is no t hard  to  see th a t  a lw ays(R ) =  □ /? . Now. if R  is a  Biichi 

a u to m a to n  U  =  { Y .U .  un.<). F ) .  th en  always (U) -  ( Y .L 'U  {uf,}. u'„. <)'. F  U w here

is a  new s ta te ,  an d  for all it 6  S . we have <j'{u't).cr) =  »)(«,). rr) A u't): an d  for all u €  U. we 

have <)'{u.rr) =  (’i(u .rr) . In tu itively , th e  a u to m a to n  always (U) behaves like U  excep t th a t  

always(U)  alw ays sends a  copy of itse lf to  th e  suffix of th e  in p u t word w henever it m akes a 

tra n s itio n . It follows th a t  for every word tu. no t o idy  w has to  be accep ted  by U.  b u t so do 

all its suffixes. N ote th a t  one copy o f always(U)  keeps v isiting  u,', forever, which is why we 

h ad  to  d u p lic a te  th e  o rig inal in itia l s ta te . Form ally, we have th e  following.

Proposition 6.1 Let U  = (Y,. U. ti0 . <). F) be an alternating Biichi au tom aton . For all 

words ir €  . the au tom aton  always(11) accepts ic i f f  U  accepts all the suffixes o f  w.

Proof. C o n sid e r a  D - tree  T .  For a  node x  G T .  let leeel(x)  be th e  level o f th e  node, w here 

level(e) =  0  an d  if th e  node y  is a  successor o f x . th en  level(y)  =  level(x)  +  1 . A su b tree  

(T r . rz ) o f a  S -lab e le d  D - tree  (T. r) w ith  ro o t x  €  T .  is a  tree  such th a t  y  6  T x iff x  • y  6  T .  

an d  rx (y) =  r ( x  • y).

C o n sid e r an  infin ite  word w =  teou’i ■ ■ ■ €  (21 x 20 )-' in L (a lw ays(U )) .  Let {T .r )  

be an  accep tin g  ru n  o f U  on  w. By th e  defin itio n  o f always{U).  each level o f { T .r )  has one 

node x  w ith  r (x )  -  Uq. G iven  a  suffix w' -- uqw,^.[ . . .  o f u.\ let x  b e  such  tlu it level{x) — i 

a n d  r (x )  =  u(,. an d  let {Tx . r x ) be th e  su b tree  o f  { T .r )  w ith  roo t x . We can  o b ta in  from  

CFx . r r) an  accep tin g  ru n  o f U  on th e  suffix w' -  tx, tx,+ i . . .  o f w by rep lacing  th e  label o f
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th e  ro o t node w ith  no. an d  by p ru n in g  th e  tree  in such  a  way th a t  every node has ex ac tly  

all th e  successors // w ith  r x (y) 7= u'Q. Hence, if always (IA) accep ts  tu. th en  IA accepts all 

suffixes o f  w.

For th e  o th e r  d irec tio n , assum e th a t  U  accep ts  all th e  suffixes of w. Let (T , .r ,)  

be th e  accep tin g  ru n  tree  o f U  011 w' =  tv^w ^i . . . .  w ith  th e  label a t  th e  roo t node rep laced  

by u'0. i.e.. r t (e) =  u'0. We successively bu ild  an  accep tin g  ru n  ( T .r )  of always (LI) on  

w. Let ( T ° .r ° )  =  (T o .ro ). At each node x  £  T*. for i >  0. if r ‘(x) =  u'0. th en  we 

ad d  to  x  as successor th e  s u b tre e  ( T j . r j ) .  for j  = level(x)  +  L. We claim  th a t th e  tree  

( T .R )  =  I U  (T U r4) is a  legal accep tin g  ru n  o f always(IA) on  w. F irs t, since each node 

labeled  by u '0 has a  successor lab e led  by u'0 . th e  ru n  is legal. T h en , since each p a th  o f (T . R)  

e ith e r  even tua lly  co rresp o n d s to  a  p a th  o f (T j . r j ) .  for som e j .  o r v isits  u'Q forever, th e  ru n  

is also accep ting . I

6 .2 .3  U R P  C o m p lex ity

As describ ed  in S ection  6.1. we can  now solve th e  U R P for R  by solving the  R P  for 

aIways(R).  T h e  com plex ity  o f  th is  naive so lu tion  d ep en d s  011 th e  ty p e  of th e  specification  

alw ays(R ).  In T able 6.1 below  we describe  th e  type o f alw ays(R )  given the  type o f R.  It

R always (R )

an  LTL form ula an  LTL form ula
a d e te rm in is tic  o r un iversa l B iichi au to m ato n a un iversa l Biichi au to m ato n
a n o n d e te rm in is tic  o r a l te rn a tin g  Biichi au to m a to n an  a lte rn a tin g  Biichi au to m ato n

T able 6.1: T h e  cost o f m oving from  R  to  alw ays(R ).

follows th a t  w hen R  is a  d e te rm in is tic  or a  n o n d e te rm in is tic  Biichi au to m ato n , the  ty p e  o f 

a lw ays(R )  is richer th a n  th a t  o f  R .  w hich in tu rn  w ould im ply  th a t  th e  U R P is h a rd er th a n  

th e  RP. In  th is  sec tion  we an a ly ze  th e  com plexity  o f th e  U R P  an d  th en  show th a t  th is  naive 

so lu tio n  is o p tim a l.

Theorem  6.2 The U R P  f o r  L T L  is complete fo r  2 E X P .

Hence for LTL specifications, th e  U R P  is no h ard er th a n  RP.

Proof. T h e  u p p e r b o u n d  follows from  th e  fact th a t  th e  R P  for LTL is in E X P [PR 89a]. 

an d  a lw ays(R ).  for R  in LTL. is also  in LTL. For th e  lower b o u n d , we show th a t  th e  U R P
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is a t  least as hard  as th e  RP. w hich is 2 E X P -h a rd  [Ros92]. Indeed, the  R P  for an  LTL 

form ula <p can  be reduced  to  th e  U R P  for init  —> <p. ■

We now tu rn  to  consider th e  various ty p es o f B iichi au to m a ta . W hile th e  u p p e r 

b o u n d s  are easy, th e  lower b o u n d s  requ ire  com plica ted  generic  reductions. To illu s tra te  th e  

p ro o f ideas, we first consider th e  U R P  for closed FSM s. in w hich  /  =  0. T h e  behav io r o f such 

FSM s is in d ep en d en t o f th e  env ironm en t, an d  th e  rea lizab ility  an d  satisfiab ility  prob lem s 

coincide. In p a r tic u la r , for specifications given in te rm  o f d e te rm in is tic  Biichi a u to m a ta , 

th e  realizab ility  p rob lem  for FSM s w ith  I =  0 is com plete  for N L O G SPA C E . We show  th a t 

th e  tra n s itio n  to  u n in itia lized  FSM  m akes th e  p rob lem  ex p o n en tia lly  h ard er.

P r o p o s i t i o n  6 .2  The U R P  f o r  de term in is tic  Biichi au tom ata  and closed F SM s is com ­

plete f o r  P S  PACE.

An au to m a ta - th e o re tic  p rob lem  th a t  is w ell-know n to be com plete  for PSP A C E  

is th e  un iversa lity  p rob lem  for nonde term in is tic  a u to m a ta  [HU79. Wol82]. O n th e  o th e r 

h an d , the  un iversa lity  p rob lem  for determ in is tic  a u to m a ta  is com plete  for N L O G SPA C E . 

T h e  s ta n d a rd  P S P A C E  lower b o u n d  p ro o f is by red u c tio n  from  th e  m em bersh ip  p rob lem  

for po lynom ial space T u rin g  m achines: given a  po lynom ia l space T uring  m achine T . one 

co n s tru c ts  a  n o n d e te rm in is tic  Biichi a u to m a to n  U  such th a t  IA accep ts invalid or re jecting  

co m p u ta tio n s  o f T . T h e  U R P  as s ta te d  in P ro p o sitio n  6.2 also has som e Havor o f "un iver­

sa lity " . It com es from  th e  req u irem en t th a t  th e  m odel w  (i.e.. an  infin ite word) has to  be 

"suffix-closed", i.e.. b o th  w  an d  all its suffixes need to  sa tis fy  the  specification. However, 

th e  lower b o u n d  p ro o f is very  d ifferen t. T h e  p ro o f is by th e  co n stru c tio n  of a  de term in is tic  

Biichi au to m a to n  w hich accep ts  an  in p u t word w  as well as  all its suffixes iff w is a  valid 

an d  accepting c o m p u ta tio n  o f T .  S ince th e  u n iversa lity  p ro b lem  of d e te rm in is tic  Biichi au ­

to m a ta  is easy, th e  “suffix-closure" p ro p e rty  is as s tro n g  a  req u irem en t as th e  u n iversa lity  

requ irem en t o f a  n o n d e te rm in is tic  Biichi au to m ato n .

P r o o f  o f  P r o p o s i t i o n  6 .2 . C onsider a d e te rm in is tic  B iichi a u to m a to n  R.  W hen  I  =  0. 

th e  se t 2l is a  s ing le ton  a n d  th e  un iversal Biichi a u to m a to n  always (R )  is realizab le iff its 

language is not em pty . S ince th e  la t te r  can  be  checked in P SP A C E  [MHS4. V W 94]. th e  

u p p e r  b o u n d  follows.

For th e  lower b o u n d , we do  a  red u c tio n  from  th e  m em bersh ip  problem  o f a  po lyno­

m ial space T u rin g  m achine . Let T  =  ( f .  Q. <—>. q0. Facc. Fre j) be a  po lynom ial space T u rin g
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m achine, w here Q  is th e  se t o f s ta te s , r /o  is th e  in itia l s ta te . Facr C  Q  an d  Fre} C  Q  are 

respectively  accep tin g  an d  re jec tin g  s ta te s , an d  •->: Q x T  -► Q  x T x  {L. is th e  tran s itio n  

function . A ssum e th a t  T  s ta r ts  w ith  th e  in itia l con figu ra tion , i.e.. T  a t s ta te  qn w ith  its 

read ing  head  p o in tin g  a t  th e  leftm ost cell o f th e  em p ty  tap e . VVe also assum e th a t once T  

reaches an  accep tin g  co n fig u ra tio n , i.e.. q €  Facc. it "cleans" th e  ta p e  con ten t an d  re s ta rts  

from  th e  in itia l co n fig u ra tio n . T h e  m achine T  accep ts  th e  em p ty  ta p e  iff T  has an  in fin ite 

co m p u ta tio n  v is itin g  th e  in itia l an d  accep tin g  configu rations in fin ite ly  often.

A ssum e T  uses s (n )  ta p e  cells to  process a n  in p u t o f leng th  n.  We encode a 

con figu ration  o f T  by a  s tr in g  d7 i 7 2  • • • (f/- 7i) • • • 7 s[n) w here subse ts  o f the o u tp u t

signals O  a re  se lec ted  to  encode  th e  th e  a lp h a b e ts  T U (Q x  r)U {j!}. i.e.. 2 °  =  r u ( Q x  P ) u {tJ}- 

T h a t  is. a  co n fig u ra tio n  s ta r ts  w ith  th e  le tte r  j. followed by a s tr in g  o f le tte rs  7 j €  T. except 

for one in Q  x T. T h e  m ean ing  o f th e  s tr in g  is th a t  7 j  is th e  le tte r  on th e  j - t h  ta p e  roll, while 

th e  le tte r  (q . y t ) in d ica te s  in a d d itio n  th a t  T  is a t s ta te  q w ith  its read ing  head po in ting  a t 

th e  i- th  ta p e  cell. L et c — ic r \a >. . .  fTs((ll. an d  c! =  jrrjiT.',. . .  be two configurations. If c' 

is th e  successor o f c. th en  we know  by th e  tra n s itio n  func tion  o f T  w hat ct\ for I <  i < s{n)  

shou ld  be. Let next(ert- i .  (Tt . rrt+i) d en o te  o u r ex p e c ta tio n s  for rr[. T h a t is.

•  n e x t ( 7 , _ [ .  7 , .  7 , ^ [ ) =  i iKxt ( i .  7 , .  7 , t 1  ) =  n e x f ( 7, _  1 7 , .  j ) =  7 , .

if (</. 7 . _ i ) (q '.- j[_v L)

{ 'I  (<7-7,
•  n e x t { [ q . ^ f t . = n e x t ( ( q .y t - i ) . ^ , 4 )  =  _

y,) if (r/- 7 .-1 ) •-> ( q ' . y ^ i - R ) .

n e x f ( 7 t _ l . ( r / . 7 , ) . 7 i  +  1) =  n ex t( i .  (q. 7 , ). 7 1 +  1) =  nex t(~ n - i .  (</• 7 «  )• 2 )  =  7 , ' .  w here (q. )

(f /. 7 . - 1  -A) .

,  . .  if ( f/ -  7 i - i ) l—*̂■ ( f f -  ■ L )

7 : )  i f  ( ' / •  7 i - i - 1 )  ^  ( r / .  7 , , _ [ - R ) -{:
•  next{crs{tl). i . a [ )  =  *.

We define a  d e te rm in is tic  Biichi a u to m a to n  U  =  (U. 2 ° .  u<). <). F )  such  tlm t U  ac­

cep ts  an  in p u t w ord  w - . . .  iff iv satisfies th e  following conditions: (I) th e  next

re la tio n  o f T  is sa tisfied  for th e  first th ree  le tte rs  in w. i.e.. - next(iv<}. 1 / 7 . w2 ): an d

(2) th e  in itia l an d  th e  accep tin g  configurations a re  ev en tu a lly  reached. It follows th a t  U  

accep ts an  in fin ite  w ord w  as well as all its  suffixes iff T  has an  in fin ite  co m p u ta tio n  v isiting  

th e  in itia l an d  accep tin g  co n fig u ra tio n  infin itely  o ften . B oth  co n d itio n s  can  be specified by 

a  d e te rm in is tic  B iichi a u to m a to n  o f size po ly n o m ia l in  T .
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T h u s, if th e re  ex ists  a  w ord w such  th a t  w an d  all its suffixes a re  accep ted  by Li. 

th en  th e re  ex ists  a  suffix w' o f w such  th a t  w'  encodes an  accep tin g  ru n  o f  T . O n th e  o ther 

hand , if T  has an  accep tin g  run . th en  it can  be encoded  as an  in fin ite  s tr in g  iu G E q all of 

whose suffixes (includ ing  w itself) a re  accep ted  by U.  I

We now consider th e  U R P  for o p en  FSM s. i.e.. w hen I  ^  0. W hile th e  R P  for 

d e te rm in is tic  Biichi a u to m a ta  is cp iad ratic . th e  following th eo rem  s ta te s  th a t  th e  U R P for 

o pen  FSM s is h a rd e r th a n  th a t  for closed FSM s an d  th e  R P  for o pen  FSM s.

Theorem  6.3 The U R P  fo r  d e term in is t ic  or universal Biichi au tom ata  is complete fo r  

E X P .

Proof. C o n sid er a  d e te rm in is tic  o r a  un iversa l Biichi au to m a to n  IA. T h e  au to m ato n  

always(U)  is a  un iversal au to m a to n , w hose R P  can  be solved in E X P  [Rab72. MS95].

For th e  lower b o u n d , we use th e  in p u t signals in I  in o rd e r to  encode branches 

an d  ex ten d  th e  p ro o f o f T h eo rem  6.2 to  ap p ly  to  a lte rn a tin g  T uring  m achines. C onsider 

an  a lte rn a tin g  linear-spaco  T u rin g  m ach ine T  = (T .Q ,, .  Q,,. >—>. tin. Farr. FrrJ). w here the 

d isjo in t sets o f s ta te s  Q XI an d  Q? a re  respectively  th e  un iversa l an d  ex is ten tia l s ta te s , while 

th e  d isjo in t se ts  o f s ta te s  Farr C Q,. a n d  FreJ C Q e a re  respectively  th e  accep ting  and  

re jecting  s ta te s . T h e ir  un ion  is d en o ted  by Q.  O u r m odel o f a lte rn a tio n  prescribes th a t 

i->C Q x T  x Q x T  x  {L .  R }  has a  b in a ry  b ran ch in g  degree. W hen  a  universal o r an  ex isten tia l 

s ta te  o f T  b ranches in to  two s ta te s , we d is tin g u ish  betw een th e  left an d  th e  righ t branches. 

Accordingly, we use (q .a )  <—rl ( ip .b i .X i )  an d  (q .a )  i—»r {qr .b r . A r) to  in d ica te  th a t  w hen T  

is in s ta te  q G Q u L>Qe read in g  in p u t sym bo l a. it b ranches to  th e  left w ith  (q i . b i . X i ) and  to 

th e  righ t w ith  (qr .b r . A r ). We also assu m e th a t  once T  reaches an  accep tin g  configuration , 

it "cleans" th e  ta p e  co n ten t an d  re s ta r ts  from  th e  in itia l con figu ration  (i.e.. em p ty  tap e  and  

in itia l s ta te  a t  th e  left en d  o f th e  ta p e ) .

A ssum e T  uses s(ri) cells in its  w orking ta p e  in o rd e r to  process an  in p u t o f length  

n. A configu ration  o f T  is encoded  in a  s im ila r way to  how a  con figu ration  o f a  polynom ial 

space T urin g  m achine is encoded , ex cep t th a t  a  con fig u ra tio n  s ta r ts  w ith  e ith e r 2/ or 2r- 

T h e  le tte r  j G {2/. 2r } m ark s th e  b eg in n in g  o f a  con figuration : m oreover, since T  has an  

ex isten tia l m ode. i.e.. w hen  th e  s ta te  q o f T  is in Q e. th e  le tte r  j  also ind icates a  guess 

(left o r righ t) for th e  accep tin g  successor. A co m p u ta tio n  o f T  can  th en  be encoded  by a  

co m p u ta tio n  tree  w hose b ranches d esc rib e  sequences o f con figu rations o f  T .  N ote th a t the  

co m p u ta tio n  tree  is un iq u e  if we ignore th e  d is tin c tio n  betw een  2; an d  %r . A ru n  o f T  is a
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p ru n in g  o f a  co m p u ta tio n  tree  in w hich all th e  universal con figu rations have b o th  successors 

a n d  all th e  ex is ten tia l con figu rations c = ■ ■ ■ ((I - h )  ■ ■ ■ '(sin) have on ly  th e  left (resp.

rig h t) successor if 3 =  3; (resp. jtr ). T h e  ru n  is accep ting  if all b ran ch es in  th e  p ru n ed  tree 

v isit th e  in itia l an d  accep ting  co n fig u ra tio n  in fin ite ly  often.

G iven an  a lte rn a tin g  linear-space T u rin g  m achine T  as above, we co n stru c t a 

d e te rm in is tic  Buchi w ord a u to m a to n  U  such  th a t  U  is u n in itia lly  realizab le  iff T  has an 

accep tin g  ru n  on th e  em p ty  ta p e  (clearly, p roving  a  lower bou n d  for d e te rm in is tic  au to m a ta , 

im plies a  b o u n d  also for un iversa l ones). T h e  au to m a to n  U  has in p u t s ignals I  such th a t 

th e  su b se ts  o f I  encode th e  se t { L r } .  i.e.. 2 l — {Lr} .  It also h as o u tp u t  signals O  such 

th a t  2 °  -- {jl(. i r } U T U (Q  x T). Let c =  . . .  <r,(n) an d  c' =  f o \ a ' 2 . . .  er'(n| be two

configurations, an d  let (d ^ . i ) (d x .  a x) . . .  (d ,(r<). ( 7 , . ( n ) )(d(,. 5'H d^ . ) . . .  (d',(n).<r'(n)) be a  word

in (2 r x 2 ° ) m. T h e  le tte r  dq in d ica tes  th e  d irec tio n  of c' w ith  re sp ec t to  c: if d'Q = I. then  

c' is th e  left successor o f c. an d  if d'Q = r. th en  c' is the  righ t successor o f  <:. N ote th a t the  

d irec tio n  o f c' is given by d'Q. no t by th e  le tte r  3 o r f :  th e  le tte r 5 is on ly  th e  guess th a t T  

m akes a t  c if c is an  ex is ten tia l con figu ra tion . If S = i/ (resp. j r ). th en  T  guesses th a t the  

left (resp . right) successor o f c leads to  an  accep tin g  run: if th e  guess o f T  is different from 

th e  successor in form ation  given by th e  in p u t, we say th a t  th e re  is a  m ism atch  betw een the  

in p u t an d  th e  guess o f T  a t th e  con figu ra tion . T h a t  a  m ism atch  h ap p e n s  a t  c w ith  t  = i r 

an d  dg =  /. as well as w ith  3 =  5; an d  d'0 = r. Recall th a t  we req u ire  every p a th  o f the  

co m p u ta tio n  tree o f T  to  be legal an d  accep ting . O n  the  o th e r h an d , since T  is a lte rn a tin g , 

on ly  th e  p a th s  in th e  co m p u ta tio n  tree  th a t  are  guessed in ex is ten tia l con figu rations need 

to  b e  accep ting . We use 5; an d  5 r in o rd e r to  d e tec t m ism atches, w here p a th s  th a t  con ta in  

a  m ism atch  are considered accep ting .

If th e  configuration  c' is a  successor of th e  con figu ration  c. we know  by th e  tra n ­

s itio n  re la tio n  of T  w hat th e  "nex t"  re la tio n  is. No%v we have tw o "nex t"  re la tio n s, one 

for left b ranch ing  an d  one for righ t b ran ch in g . Let nex t1 an d  n ex tr b e  th e  "nex t"  re la tions 

for th e  left b ranch  an d  right b ran ch  respectively. T h e  defin ition  o f nex t1 (resp . nex tr )is 

s im ila r to  th a t of th e  next  re la tio n  in th e  polynom ial space T u rin g  m ach ine case, except 

th a t  on ly  th e  tran s itio n  func tion  •— (resp.  ►->r ) is considered , th e  le t te r  2 is in {2;.5r}- an d  

nex t1 ( a €  {5;-5r}-

T h e  a u to m a to n  U  can  be co n s tru c te d  as follows. O n  in p u t o f  a  word tv — 

(do.<7o)(di.ai)  —  U  checks th e  following:
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1. T h e  "nex t"  tra n s itio n  re la tio n s  o f T  a re  satisfied , i.e.. crS(n )+ 2  =  n ex t l (ao-cry. rr2 ) if 

cIq - I. an d  o'., (re ) + 2  -■ n e x tr (ctq. cjx. a>) if d'0 =  r: and

2 . e ith e r  o f th e  following is true:

(a) E v en tu a lly  th e re  is a  m ism atch  in th e  d irec tio n  specified by th e  in p u t an d  T  a t 

an  ex is ten tia l con fig u ra tio n , i.e.. w  co n ta in s th e  s tr in g

(d0. i o ) . . .  ( d j . { q .~ , j ) ) . . .  {ds(n}. a s{n))(d'0.i'0). w here q €  Q e an d  e ith e r  tf0 =  Sr 

an d  d'Q =  Z. or tfo =  an d  d'Q — r.

(b) T h e  in itia l co n figu ra tion  is even tua lly  reached, an d  th e re a fte r  th e  accep tin g  con­

fig u ra tio n  is also  ev en tu a lly  read ied .

All th e  above co n d itio n s  can  b e  specified by a  d e te rm in is tic  Biichi w ord au to m a to n  linear 

in th e  size o f T .

G iven a  p a th  w o f a  (2 / )-exhaustive  (2 / x 2c,)-labelcd  2^-tree ({2 ̂ ) *. r ) .  ifZV accep ts  

w  an d  all th e  suffixes o f w. th e n  by co nd ition  (2 ). w is a  valid  b ran ch  o f th e  co m p u ta tio n  

tre e  o f T:  m oreover, by co n d itio n  (3). if ic is a  b ran ch  guessed by T .  th en  infin ite ly  o ften  th e  

in itia l an d  accep tin g  configu rations a re  reached. T h u s. U  accep ts  ail suffixes o f all b ranches 

o f ( ( 2 iff T  has an  accep tin g  run . ■

T h e  R P  for n o n d e te rm in is tic  Biichi a u to m a ta  can  be solved in ex p o n en tia l tim e, 

w hile th e  R P  for a lte rn a tin g  Biichi a u to m a ta  requires d o u b ly  ex p o n en tia l tim e. T h e  fol­

low ing theo rem  show s th a t  th e  U R P  for n o n d e te rm in is tic  B iichi a u to m a ta  is ex p o n en tia lly  

h a rd e r th a n  th e  RP. w hile th a t  for a lte rn a tin g  Biichi a u to m a ta , th e re  is no ad d itio n a l cost.

T heorem  6.4 The U R P  fo r  nondeterm in is t ic  or a lternating Biichi au tom ata  is complete  

f o r  2 E X  P.

Proof. C onsider a  n o n d e te rm in is tic  o r an  a lte rn a tin g  Biichi a u to m a to n  U.  T h e  au to m a to n  

always {Li) is an  a lte rn a tin g  au to m a to n , whose R P  can be  solved in 2 E X P  [Rab72. MS95J.

T h e  p ro o f o f th e  lower b o u n d  is s im ilar to  th a t for th e  U R P  for d e te rm in is tic  Biichi 

a u to m a ta  in T h eo rem  6.3. excep t th a t  now th e  red u c tio n  is from  th e  m em b ersh ip  p rob lem  

o f a n  a lte rn a tin g  ex p o n en tia l space T u rin g  m achine.

C o n sid e r a  T u rin g  m ach ine T  =  (T. Q u. Q e. >->. q0. Farc. Fre j) th a t  uses s (n )  =  

2"* — 1 ta p e  cells, for som e k  > 1. We co n s tru c t a  n o n d e te rm in is tic  B iichi au to m a to n  V 

su ch  th a t  V is u n in itia lly  realizab le  iff T  has an  accep tin g  ru n . We first define th e  encod ing
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o f a  con figu ra tion . A config u ra tio n  o f  T  consists o f a  block p \  . . .  p nkO o f th e  form  {0. 1 • E .

for E  =  T U (Q  x T) U {{i/. ir} - T h e  m ean ing  o f a  block is th a t  th e  j - t h  ta p e  cell, w here j  is 

rep resen ted  in b in a ry  as p i  ■■■pnk w ith  th e  b it p nk be ing  th e  least significant b it. con ta ins 

th e  le tte r  a .  For exam ple , th e  block 0 1 1 7  encodes th e  fact th a t  th e  th ird  ta p e  cell con ta ins 

th e  le tte r  7 . A co n fig u ra tio n  is therefo re  a  sequence B qB \  . . .  B s(n) o f 2n blocks, w here B t 

encodes th e  co n ten t o f th e  i- th  ta p e  cells. T h e  first block Bo o f a  con figu ration  is e ith e r

0 . . .  0 i( o r 0 . . . 0 i r . in d ica tin g  th e  beg inn ing  o f a  co n fig u ra tio n  as well as a  guess o f the  

accep tin g  successor, s im ila r  to  th e  p ro o f in T h eo rem  6.3.

Let 2 °  =  {0. 1 } UE.  G iven a  s tr in g  w  €  ( 2 ° ) ' .  we co n s tru c t an  au to m a to n  Vq such 

th a t  V’i accep ts  w an d  all its suffixes iff w  is a  suffix o f a  valid  sequence o f configurations. 

T h is  am o u n ts  to  checking th a t

1. w s ta r ts  w ith  a  suffix o f a  block an d  is followed by a  sequence o f blocks:

2 . th e  blocks th a t  encode position  0  o f th e  tap e , an d  on ly  those blocks, encode the  

b eg in n in g  o f a  con figu ra tion . T h a t  is. for every block B  = p\ . . .  p nk(T. we have p t =  0  

for all i iff <t €  {ji/. 2r }: an d

3. w ith in  a  co n fig u ra tio n , consecutive blocks encode th e  co n ten ts  o f consecutive tap e  

positions.

C o n d itio n s  (1) an d  (2) a re  easily  checked by a  lin ear size d e te rm in is tic  Biichi 

au to m a to n . To check co n d itio n  (3). no te  th a t  given any  b in a ry  num bers p  =  po ■. ■ p n an d  

p' = p 4- I =  Pq . .  .p'n . th e  b it p t p\ iff p 1+l =  . . .  =  p n =  L. T herefo re, th e  au to m a to n  

V\ can  check th a t  if icq ^  w nk ^ i  iff th e re  ex ists i.O <  i. < n k such th a t w, €  E  an d

=  . . .  =  ic ,_ i =  1 .

Now we c o n s tru c t an  au to m a to n  V> to  check th a t  successive configu rations are  

valid  tran s itio n s  o f  th e  T u rin g  m ach ine T .  For d iscussion , consider on ly  th e  left b ranch ing . 

C o n sid er th ree  consecu tive  blocks B , = p\ . . .  p lnktr , .  0 <  / <  2. as well as a  block B  =  

<71 . . .  nnk(7 in th e  n ex t con figu ra tion . T h e  block B  encodes th e  sam e tap e  cell as B \  iff 

pj  =  q, for all 1 <  i < n k . In  th is  case, it shou ld  be th a t  rr, =  n ex t l (ao- • &■>)■ w here n ex t1 

is th e  "nex t"  re la tio n  defined  in th e  p ro o f o f T h eo rem  6.3. We can  use n o n d e te rm in ism  to 

do th is  check: th e  a u to m a to n  V‘2 guesses a  b it p} in block B \ .  an d  check th a t  for each  block 

B  in th e  nex t co n fig u ra tio n , e ith e r  qi ^  p\  o r cr, =  riex f^cro .cq .cri). N ote th a t  Vo has size 

po lynom ial in n.
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Now we can com ple te  th e  p ro o f in an a lo g y  to  th e  p ro o f of T h eo rem  ti.3. Let 

21 =  { / .r} . an d  let w  =  (do. wo)(dy. w y ) . . .  be a  s tr in g  in (2 1 x 2°)" '.  T h e  a u to m a to n  V 

checks th e  following:

1. T h e  s tr in g  tUQWy . . .  is accep ted  by th e  a u to m a ta  V’i an d  Vu and

2 . e ith e r o f th e  following is true:

(a) E v en tu a lly  th e re  is a  m ism atch  in th e  d irec tio n  specified by th e  in p u t an d  T  a t 

an  ex is ten tia l configuration , i.e.. w co n ta in s  th e  s tr in g

(do. S ) . . .  (di.cr)(d'0 . j j ' ) . . .  (d't . a ')  w here d t 6  2*. c = $ . . .  a  an d  c' =  2 ' . . .  a '  a re  

two consecutive configurations, an d  c is an  ex is ten tia l configuration , such  th a t  

e ith e r  jj =  an d  d' =  I. or St =  3/ an d  d' = r.

(b) T h e  in itia l con figu ration  is even tua lly  reached , an d  th e rea fte r th e  accep tin g  con­

figu ra tion  is also even tua lly  reached.

If it; and  its suffixes a re  accep ted  by V. th en  by co n d itio n  (1). ic is a  valid sequence of 

configurations: by co n d itio n  (2). if w is th e  sequence o f con figu rations guessed by th e  T u rin g  

m achine T .  th en  it v isits  th e  in itia l an d  accep tin g  configu ra tions infin itely  o ften . It follows 

th a t th e  suffixes o f all b ranches o f a  2 l x 2 ° -Iab eIed  2 ^-tree ((2 / ) ' .  r )  are  accep ted  by V iff 

T  has an  accep tin g  ru n . I

6.3 U ninitialized Specifications

For a  spec ification  R.  if th e  R P  an d  U R P  for R  coincides, th en  we say th a t  R  

is uninitialized.  In o th e r  w ords. R  is u n in itia lized  iff for every co m p u ta tio n  ic. we have 

th a t w  satisfies R  iff a ll th e  suffixes o f w  sa tisfy  R .  G iven  a  specification  R  over th e  in p u t 

signals I  an d  o u tp u t  s ignals O.  T h e  uninitialized .specification problem (U S P )  for R  asks 

w h eth er R  is un in itia lized . If R  is an  u n in itia lized  spec ification , th en  every  FSM  M  th a t  

realizes R  induces an  u n in itia lized  FSM  M '  (o b ta in e d  from  . \I  by d ro p p in g  its in itia l s ta te )  

th a t  realizes R .  Hence for form alism s for w hich th e  U R P  is h a rd e r th a n  th e  R P . th e  U R P  

becom es easie r if th e  spec ifica tion  is u n in itia lized .

Solving th e  U SP for th e  spec ification  R  am o u n ts  to  checking if R  is equ iva­

lent to  a lw ays(R ).  C learly . alw ays(R)  im plies R .  th u s  we only  need to  check w h e th e r
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R  im plies always (R ) .  For LTL form ulas, th is  can  be d one  by checking th e  valid ity  of 

R  —> a lw ays(R ).  an d  for B iichi a u to m a ta  we need to  solve th e  language-con ta inm en t p ro b ­

lem L ( R )  C L (a lw a y s (R )) .  We show th a t th is  s im p le  ap p ro ach , like th e  naive so lu tio n  for 

URP. is also  o p tim a l. T h e  lower b o u n d s can  b e  o b ta in e d  by a  red u c tio n  from  e ith e r  th e  s a t­

isfiability  o r th e  valid ity  p rob lem s for th e  co rre sp o n d in g  form alism s (for a  Biichi au to m a to n  

R.  we say th a t  R  is sa tisfiab le  iff it is n o n em p ty  an d  we say  th a t  R  is valid iff it is un iversa l). 

We describ e  b o th  red u c tio n s  below.

In th e  following, we let R  be a  spec ification  over th e  finite se ts  I  an d  O  o f in p u t 

an d  o u tp u t signals, respectively. For a  co m p u ta tio n  w  =  wqu>i . . .  in (2 /u ° ) a-' an d  a  fresh 

signal p  & I  U O.  we d en o te  by w tt) p =  ( ico U {p})tni . . .  th e  co m p u ta tio n  o b ta in ed  from  w 

by ad d in g  p  to  wq an d  leaving th e  o th e r s ta te s  u n changed .

Lemma 6.1 The U SP fo r  L T L .  determ in is tic ,  nonde term in is t ic .  universal, or a lternating  

Biichi autom ata , is at least as hard as the corresponding satisfiability problem.

Proof. C o n sid er a  spec ification  R  over I  an d  O. L et p  be a  signal not in /  or () .  an d  

let R'  be a  spec ification  over /  an d  O' =  O  U {/>) su ch  th a t  for all w €  (2 l ~() )-*•'. we have 

w f= R '  iff ui f= R  an d  th e  first s ta te  o f ui con ta ins p. T h u s , if R  is an  LTL form ula, th en  

R ' =  R  A  p  an d  if R  is a  B iichi a u to m a to n , th en  R '  is o b ta in ed  from  R  by rem oving from  

th e  in itia l s ta te s  tra n s itio n s  th a t  a re  labeled  by le tte rs  th a t  do not co n ta in  p  (if th e  in itia l 

s ta te  is reachab le , we also have to  d u p lica te  it). We c la im  th a t  R  is sa tisfiab le  iff R '  is no t 

u n in itia lized .

A ssum e first th a t  R '  is no t u n in itia lized . T h e n , th ere  is a  co m p u ta tio n  ui th a t  

satisfies R'  an d  som e o f its suffixes do not sa tisfy  R ' . T h e  co m p u ta tio n  iv also satisfies R.  

im ply ing  th a t  R  is satisfiab le . A ssum e now th a t  R  is satisfiab le . Let w 6  (2r~ ° )-' be a  

co m p u ta tio n  th a t  satisfies R.  T h en  th e  co m p u ta tio n  w'  =  w tt) p  satisfies R ' . b u t (since p 

holds on ly  in th e  in itia l s ta te  of iu') no p ro p e r suffix o f ui' satisfies R ' . It follows th a t  R  is 

no t un in itia lized . I

Lemma 6.2 The U SP fo r  L T L .  determ in is tic ,  nondeterm in is t ic .  universal, or a lternating  

Biichi autom ata , is at least as hard as the corresponding validity problem.

Proof. C o n sid e r a  spec ifica tion  R  over /  an d  O.  L et p  b e  a  signal not in I  o r O.  an d  let R '  

be a  spec ification  over I  an d  O ' = O  U { p \  such  th a t  for all w €  ' )■*■'. we have ui |= R!
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iff w |= R  o r the  first s ta te  o f w  co n ta in s  p. T h u s , if R  is in LTL. th e n  R ' = R v  p  an d  if R  

is a  B iichi au to m a to n , th en  R 1 is o b ta in ed  from  R  by ad d in g  a  tra n s it io n  labeled by le tte rs  

th a t  co n ta in  p. from  th e  in itia l s ta te  to  an  accep tin g  sink  ( if  th e  in itia l s ta te  is reachable , 

we also  have to  d u p lica te  it).  YVe claim  th a t  R  is valid iff R '  is u n in itia lized .

A ssum e first th a t  R  is valid . T h en . R '  is valid too . so it m u st be un in itia lized . 

A ssum e now th a t  R  is no t valid . Let w  €  (2^u° ) '‘; be a  co m p u ta tio n  th a t  does not sa tisfy  

R.  C onsider th e  co m p u ta tio n  w' =  ( {p}) • w th a t  is o b ta in ed  from  w  by p rep en d in g  it w ith  

th e  s ta te  {p}  (any s ta te  in w hich p  holds will do  th e  jo b ). C learly , w' satisfies R ! . w hereas 

its suffix w does no t sa tisfy  R ' . It follows th a t  R '  is no t u n in itia lized . I

YVe can now o b ta in  tig h t b o u n d s for th e  U SP for th e  d ifferen t form alism s we s tu d y  

in th is  ch ap te r.

Theorem  6.5 The U SP fo r  L T L .  universal, nonde term in is t ic  or  a l tem a tn u j  Biichi au­

tom ata is complete fo r  P S P A C E .

Proof. For th e  u p p er b o u n d , recall th a t  R  is u n in itia lized  iff /? im plies alw ays(R ).  If 

th e  specification  R  is an  LTL form ula, th en  checking valid ity  o f R  —> aIways(R)  is in 

P SP A C E  [SC85]. If R  is an  a lte rn a tin g  (or un iversal) a u to m a to n , we have to check th e  

language-con ta inm en t p rob lem  L (R )  C L (a lw a ys (R )) .  For th a t ,  we can  first co n s tru c t a  

n o n d eterm in is tic  Biichi a u to m a to n  R n such th a t  th e  size o f R n is ex p o n en tia l in th e  size 

o f R  an d  L ( R n ) = L (R )  [M H84]. an d  we co n stru c t a  n o n d e te rm in is tic  R abin  a u to m a to n  

R c such th a t  th e  size o f R r is ex p o n en tia l in th e  size o f a lw ays(R )  an d  R r com plem ents 

alw ays(R)  ( t ha t  is. L ( R r ) =  \ L ( a lw ays (/?)).) [MS95]. Now. th e  p ro d u c t o f R tl an d  R r is

a  n o n d e te rm in is tic  R ab in  a u to m a to n  w hose em p tin ess  can  be checked in  n o n d e te rm in is tic  

logarithm ic space, im ply ing  a  P S P A C E  u p p e r b o u n d  for th e  USP.

T h e  lower b o u n d  follows from  Lem m as 6.1 an d  6.2. an d  from  th e  fact th a t  the  

sa tisfiab ility  p roblem  for LTL an d  un iversal (or a lte rn a tin g )  B iichi a u to m a ta , as well as 

th e  valid ity  p roblem  for n o n d e te rm in is tic  Biichi a u to m a ta  a re  PS P A C E -h ard  [SC85. HU79. 

YVol82]. I

Theorem  6.6 The U SP fo r  de term in is t ic  Biichi au tom ata  is complete f o r  N L O G S P A C E .

Proof. For a  d e te rm in is tic  B iichi au to m a to n  R .  the  a u to m a to n  always (U) is un iversal, 

thus its com plem ent R c is a  n o n d e te rm in is tic  co-Biichi au to m a to n . T h e  p ro d u c t o f R  an d
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R c can  be  defined as a  n o n d e te rm in is tic  R abin  a u to m a to n , w hose em p tin ess  problem  can  

be solved in n o n d e te rm in is tic  logarithm ic space, im p ly in g  an  N L O G SP A C E  u p p er b o u n d  

for th e  USP.

T h e  lower b o u n d  follows from Lem m a 6 .1 . a n d  from  th e  fac t th a t  th e  satisfiab ility  

problem s for d e te rm in is tic  Biichi a u to m a ta  is N L O G S P A C E -h ard . ■

U R P R P U SP =  Equivalence
LTL form ulas
d e te rm in is tic  Biichi a u to m a ta  
n o n d e te rm in is tic  B iichi a u to m a ta  
un iversa l B iichi a u to m a ta  
a lte rn a tin g  B iichi a u to m a ta

2E X P
E X P

2E X P
E X P

2E X P

2E X P
Q u a d ra tic

E X P
E X P

2E X P

PSPA C E
N L O G SPA C E

PSP A C E
PSPA C E
PSP A C E

T ab le  0.2: T h e  com plexity  o f th e  R P. U RP. a n d  USP.

T ab le  6.2 su m m arizes  o u r results. N ote th a t  th e  U R P for fin ite -s ta te  specifica­

tions th a t do not allow  un iversa l branching  (e.g.. d e te rm in is tic  an d  n o n d e te rm in is tic  Biichi 

au to m a ta ) a re  h a rd e r th a n  th e ir  in itialized c o u n te rp a r t:  on  th e  o th e r  h an d , th e  U R P for 

specifications th a t  allow  un iversa l branching  a re  no t harrier th a n  th e ir in itia lized  coun­

te rp a rt.  T h is  is b ecau se  th e  requ irem ent th a t  th e  FSM  sh o u ld  w ork from  any  s ta te  is a 

un iversal requ irem en t.
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